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Budget Online Learning Algorithm for Least
Squares SVM

Ling Jian, Member IEEE, Shuqian Shen, Jundong Li, Xijun Liang, and Lei Li

Abstract—Batch-mode Least Squares SVM (LSSVM) is
often associated with unbounded number of support vectors
(SVs), making it unsuitable for applications involving large-
scale streaming data. Limited-scale LSSVM, which allows
efficient updating, seems a good solution to tackle this issue.
In this paper, to train the limited-scale LSSVM dynamically,
we present a budget online LSSVM (BOLSSVM) algorithm.
Methodologically, by setting a fixed budget for SVs, we are
able to update the LSSVM model according to the updated
SVs set dynamically without re-training from scratch. In
particular, when a new small chunk of SVs substitute for
the old ones, the proposed algorithm employs a low rank
correction technology and the Sherman-Morrison-Woodbury
formula to compute the inverse of saddle point matrix derived
from the LSSVM’s KKT system, which in turn, updates
the LSSVM model efficiently. In this way, the proposed
BOLSSVM algorithm is especially useful for online prediction
tasks. Another merit of the proposed BOLSSVM is that it can
be used for k-fold cross-validation. Specifically, compared with
batch-mode learning methods, the computational complexity
of the proposed BOLSSVM method is significantly reduced
from O(n4) to O(n3) for leave-one-out (LOO) cross-validation
with n training samples. Experimental results of classification
and regression on benchmark datasets and real-world appli-
cations show the validity and effectiveness of the proposed
BOLSSVM algorithm.

Index Terms—LSSVM, fixed budget, online learning, low
rank correction, classification, regression

I. INTRODUCTION

As a typical kernel based learning algorithm, LSSVM
has been successfully applied in many batch-mode learn-
ing tasks. However, it is time consuming to re-train the
LSSVM each time when a new chunk of data arrives.
Therefore, it is difficult to deploy this model on real-
time applications where fast response is required. To tackle
this issue, many researchers have developed different kinds
of LSSVM online learning algorithms resulting in signifi-
cant advances [1]–[5] over the past decades. Nevertheless,
existing LSSVM online learning algorithms are more or
less in the incremental mode. Particularly, when more and
more observed data is available, the scale of training set
grows constantly which increases the training time and puts
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demand on the memory storage requirements. Thus, it is
necessary and urgent to introduce an effective and efficient
LSSVM online learning algorithm of fixed budget for real
world applications.

Motivated by the online budget learning algorithms [6]–
[12], in this paper, we propose a budget online learning
LSSVM (BOLSSVM) algorithm which can learn samples
chunk-by-chunk to overcome the shortcoming of incre-
mental LSSVM online learning algorithms. The differences
between existing and proposed budget learning algorithms
mainly lie in two aspects. Firstly, current kernel based
budget online learning algorithms are limited in dealing
with classification problems or regression problems; on
the contrary, the proposed BOLSSVM algorithm can deal
with both classification and regression problems. Secondly,
existing algorithms process new data samples one-by-one;
while the proposed BOLSSVM algorithm is a mini-batch
learning algorithm, which can process samples chunk-by-
chunk (with fixed or varied chunk size in the learning
process, as illustrated in Fig. 1). Therefore, it is more
flexible to deal with large-scale streaming data. Method-
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Fig. 1: Differences between existing budget online learning
algorithms and the proposed algorithm.

ologically, the SVs of the LSSVM model are updated
over time dynamically according to some specified criteria.
Focusing on the Karush-Kuhn-Tucker conditions of the
LSSVM model, i.e., a saddle point system, the presented
online learning algorithm employs a low rank correction
technology to update the saddle point matrix, and in turn
uses Sherman-Morrison-Woodbury formula to compute the
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inverse of the updated saddle point matrix. In this way,
the LSSVM model can be updated efficiently when a new
chunk of SVs substitute for the old ones.

The main contributions of this paper are outlined as
follows:

• Highlighting the differences between incremental and
budget online learning of LSSVM;

• Proposing a novel method which uses matrix cor-
rection and Sherman-Morrison-Woodbury formula to
update LSSVM dynamically;

• Theoretically, analyzing the computational complexity
of the proposed method;

• Evaluating the validity and effectiveness of the pro-
posed method.

The rest of this paper is organized as follows. In Section
II, we briefly review existing budget online learning algo-
rithms. Some background knowledge about LSSVM and
basic batch-mode algorithms are presented in Section III.
Then the fixed budget online learning algorithm is proposed
in this Section. In Section IV, the simulation results of
regression and classification tasks are presented to show
the validity and effectiveness of the proposed algorithm.
This paper is concluded in Section V.

II. RELATED WORKS

Recently, kernel based online learning algorithms have
been extensively studied in the machine learning and
signal processing communities [1]–[20]. For classification
problems, vast majority of existing methods belong to the
Perceptron algorithm family. These methods construct the
classification function incrementally by keeping a subset
of patterns called support vectors (SVs) set. Each time
when a pattern is misclassified, it is added to the SVs
set. Then the classification function is defined as a kernel
combination of the SVs in this set. It is clear that these
methods have to update the classification function each
time a misclassification occurs. As a result, it significantly
increases the memory storage requirements, and limits the
usage of these methods in applications where data must be
processed in real time.

Several works have tried to address the above mentioned
limitation, mainly by bounding a priori to the memory. The
first algorithm to tackle the unlimited growth of the SVs set
was proposed by Crammer et al. [6]. The idea is to discard
a vector of the solution, once the maximum dimension is
reached. Similar strategy has been used in NORMA [7] and
SILK [8]. It is a heuristic algorithm and no mistake bounds
are given. Forgetron [9] is the first online budget algorithm
that has relative mistake bound. Afterwards, Cavalanti et al.
proposed a random budget perceptron (RBP) algorithm [10]
to remove a SV randomly when the number of SVs exceeds
the predefined budget. It achieves similar mistake bound
and empirical performance as the Forgetron algorithm. In
addition, Orabona et al. adopted a projection strategy to
bound the number of SVs [13]. The projection algorithm
is computationally expensive since it requires one matrix
multiplication operation at each step. In addition to the

Perceptron family algorithms mentioned above, a series of
online learning algorithms were proposed for SVM training
[7], [11], [12], [14]–[16]. Due to the iterative nature of
stochastic gradient, it is an appealing choice to use online
SVM. BOGD developed by Zhao et al. is the budget version
of the online gradient descent (OGD) algorithm [7]. It dis-
cards one SV per iteration when the buffer of SVs overflows
according to the predefined sampling distribution [11]. This
algorithm shows promising empirical performance in terms
of both classification efficacy and computational efficiency.
Based on multiple budget maintenance strategies, Wang et
al. [12] proposed a class of budgeted stochastic gradient
descent (BSGD) algorithms for large-scale SVM classifi-
cation and provided a thorough analysis of various budget
maintenances. Furthermore, they developed the multi-class
version of BSGD for multi-class classification problems.

For regression problems, a series of online learning
algorithms have been proposed recently. Thereinto, kernel
recursive least-squares (KRLS) algorithm [17] is of the
incremental mode such that each time when the pattern that
cannot be well approximated by previous SVs, it is added to
the SVs set. Kernel least mean square (KLMS) [18] is the
simplest kernel adaptive filters, which is easy to implement
and it is effective for learning complex systems. However,
the main bottleneck of KRLS and KLMS is the linear
growing structure w.r.t. the number of new samples, which
poses both computational and memory issues especially for
continuous adaptation scenarios. To address this problem,
Chen et al. proposed a quantization approach to constrain
the size of SVs set [19]. Soon after, KLMS algorithm with
`1-norm regularization was studied by Gao et al. [20]. This
method removes obsolete samples and then adapts itself to
non-stationary environments.

III. METHOD

In this section, we first give a brief overview of the
LSSVM and introduce two traditional numerical algorithms
for the solution of LSSVM, then we describe the fixed
budget online learning algorithm for the LSSVM model
based on the low rank correction technology and the
Sherman-Morrison-Woodbury formula.

A. Least Squares Support Vector Machines

LSSVM proposed by Suykens and Vandewalle [21] has
been successfully applied in many applications due to
its good generalization ability and its global optimization
property. Since the least squares loss function and the
equality constraints are adopted by LSSVM, the analytical
solutions can be obtained by solving linear equations rather
than by solving a quadratic programming (QP) problem.
Specifically, given a training data set of {xi, yi}ni=1, where
xi ∈ Rn is the ith input vector and yi is the corresponding
output. yi ∈ {1,−1} for binary classification problems and
yi ∈ R for regression problems. With these notations, the
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LSSVM model can be formulated as follows:

min
w,b,e

1

2
wT w +

1

2ν

n∑
i=1

e2i (1)

subject to yi = wTφ(xi) + b+ ei, i = 1, · · · , n.

In above formulation, φ(x) is a nonlinear mapping function
which maps the input vector x into a high-dimensional
feature space, b is the bias, w is a weight vector, ei ∈ R(i =
1, · · · , n) are error variables and the model regularization
parameter ν ∈ (0,+∞) is specified by the users. The
optimal solution of Eq.(1) satisfies its Karush-Kuhn-Tucker
system which can be reformulated as the following linear
equations [22]:[

K + νIn 1n

1Tn 0

] [
α
b

]
=

[
y
0

]
, (2)

where K ∈ Rn×n is a positive semidefinite matrix and it
is defined as Kij , κ(xi, xj) = φ(xi)

Tφ(xj), In denotes
an identity matrix, 1n is a n-dimensional vector of all ones,
α = (α1, · · · , αn)

T , and y = (y1, · · · , yn)T . Since kernel
matrix K is positive semidefinite and the diagonal term ν
is positive, the matrix H , K + νIn is positive definite.
Under the following precondition:

MT

[
K + νIn 1n

1T
n 0

]
MM−1

[
α
b

]
=MT

[
y
0

]
(3)

where
M =

[
In −H−11n
0 1

]
, (4)

the saddle point system Eq.(2) can be transformed into a
positive definite system [22]:[

H 0

0 1TnH−11n

] [
α+H−11nb

b

]
=

[
y

1TnH−1y

]
.

(5)
Suykens et al. [22] employed the conjugate gradient (CG)
method to solve two n order positive definite systems
and subsequently got the solution of Eq.(2). The detailed
algorithm can be described as follows:

Step1. Employ the CG algorithm to solve the linear equa-
tions Hη = 1n and get the intermediate variable η;

Setp2. Solve the intermediate variable µ from Hµ = y by
the CG method;

Step3. Obtain the bias term b = 1Tnµ/1Tnη and Lagrange
dual variables α = µ− bη.

Chu et al. [23] proposed an interesting method, i.e., im-
proved CG algorithm for the numerical solution of Eq.(2)
by solving a n − 1 order reduced system of the linear
equations. This method is a kind of null space methods.
The saddle point system in Eq.(2) can be rewritten as:

Hα+ 1nb = y, 1Tnα = 0. (6)

The authors also specified a particular solution of 1T
nα = 0

as α̂ = 0 and the null space of 1Tn α̂ = 0 as:

Z =

[
In−1

−1Tn−1

]
. (7)

Through solving the following reduced system of order n−
1 for the auxiliary unknown variable ν:

ZTHZν = ZTy, (8)

the solution of the saddle point system in Eq.(2) can be
obtained such that α = Zν and b = 1

n1Tn (y−Hα).

B. Budget Online Learning LSSVM Algorithm

The main shortcoming of current LSSVM online learning
algorithm (i.e., incremental mode) is its potentially un-
bounded number of SVs, which may significantly increase
the computational cost each iteration and puts high demand
on the memory storage requirements, making it unsuitable
to deal with large-scale problems. To address this issue,
in this paper, we propose a fixed budget online learning
LSSVM algorithm in which the number of SVs is bounded
by a predefined number, i.e., budget size (denoted by B).

Based on the low rank correction of matrix and the
Sherman-Morrison-Woodbury formula (see Appendix), the
proposed BOLSSVM algorithm can update the SVs without
re-training the LSSVM model repeatedly. To be more
specific, given a pre-specified budget B = n, an initial
set of SVs {xi}ni=1, and the corresponding labels of these
SVs {yi}ni=1, we substitute some patterns in the chunk,
e.g., {x̂j}mj=1,m � n for the SVs {xij}mj=1 when we get
a chunk of new data. To make the BOLSSVM algorithm
more readable, we first present a special case, i.e., chunk
size m is specified as 1. In this special case, the SV is
updated one-by-one. Accordingly, one row and column of
saddle point matrix (denoted by Aold) in Eq.(2) change per
update. Suppose that we substitute a new pattern x∗ for the
SV xi, then only the ith row and the ith column of Aold

change. BOLSSVM algorithm employs rank-two correction
technology and Sherman-Morrison-Woodbury formula to
update the inverse of saddle point matrix as follows. Let
u denotes the basic unit vector, i.e.,[

0 0 · · · 0 1︸︷︷︸
i−th

0 · · · 0
]T

(9)

and v denotes[
K∗1 −Ki1 K∗2 −Ki2 · · · K∗∗−Kii

2 · · ·K∗n 0
]T
.

(10)
It is worth noting that the kernel matrix K is positive
semidefinite, so Kij = Kji. Adding correction matrices
uvT and vuT to Aold, we deduce the updated saddle point
matrix

K11 + ν K12 · · · K1∗ · · · K1n 1
...

...
. . .

...
. . .

...
...

K∗1 K∗2 · · · K∗∗ + ν · · · K∗n 1
...

...
. . .

...
. . .

...
...

Kn1 Kn2 · · · Kn∗ · · · Knn + ν 1
1 1 · · · 1 · · · 1 0


, Anew.

(11)
Anew is a rank-two modified matrix of Aold. By employing
the Sherman-Morrison-Woodbury formula successively, we
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can deduce the inverse of Anew as:

A−1
old −

A−1
old[c(uvT + vuT )− avvT − buuT ]A−1

old

c2 − ab
(12)

where a = uTA−1
oldu, b = vTA−1

oldv, c = 1 + vTA−1
oldu. If

we denote A−1
oldu and A−1

oldv as α and β, respectively, then
Eq.(12) can be formulated more concisely as:

A−1
old −

c(αβT + βαT )− aββT − bααT

c2 − ab
. (13)

Due to the efficient matrix inversion using the Sherman-
Morrison-Woodbury formula, BOLSSVM algorithm does
not need to solve the linear equations in Eq.(2) repeatedly
when a SV is updated. The computation of the inverse of
saddle point matrix requires O(n3) operations in the first
training process. Once the initial inverse of saddle point
matrix A−1

old is given, computing the inverse of updated
saddle point matrix just needs O(n2) operations. The
total computational complexity is only O(n3) for LOO
cross-validation on the training set with n samples. As
the corresponding computational complexity of batch-mode
algorithms based on CG method proposed by [22] and [23]
have a computational complexity of O(n4), the proposed
BOLSSVM algorithm is significantly more efficient. Now,
we come back to the general case, i.e., set chunk size as
m(m > 1). In this case, the corresponding m rows and m
columns of the saddle point matrix in Eq.(2) change. Rank-
m correction of matrix technology is employed to update
the saddle point matrix. Details are shown in Appendix C
to make the description more concise.

Based on the low rank correction of saddle point matrix
mentioned above, we present the BOLSSVM algorithm as
follows:

Algorithm BOLSSVM algorithm

Input Active set {xi, yi}ni=1, new patterns {x̃i}si=1

Output Prediction value ỹi , f(x̃i)
1: Initial SVs Xold, labels yold.
2: Compute A−1

old, bold and αold.
repeat

3: Add patterns {x̂i}mi=1 to SVs set, compute U , V by
Eq.(20) and Eq.(22), update Xnew and ynew.

4: Update A−1
new according to Eq.(23) and Eq.(24). Com-

pute the solution of Eq.(2) as bnew and αnew.
5: Set A−1

old := A−1
new, Xold := Xnew, yold := ynew,

bold := bnew, αold := αnew.

C. Budget Maintenance

In this subsection, we first give a short survey of existing
budget maintenance strategies and later we present a simple
strategy based on maximum similarity criterion to select
SVs. Recently, machine learning researchers have proposed
different kinds of methods to maintain the SVs set. There-
into, Crammer et al. [6] remove the SV that would be

predicted correctly and the SV with the largest confidence
if removal. The proposed method is less successful to
deal with noisy data. To solve this problem, Bendale and
Boult [16] use calibrated probabilities to discard SV, make
the learning system focus on samples around the decision
boundary. As a result, it is more suitable to handle noisy
data. Forgetron [9] removes the oldest SV. It is adopted
to deal with a real-world application problem as shown in
section IV-E. SILK [8] removes the sample with the lowest
absolute coefficient value w.r.t the current SVM solution.
Later, this strategy is employed to process a regression task
as shown in section IV-D. Here we propose an alternative
budget maintenance strategy based on maximum similarity
criterion. It removes the pth SV with the setting of p as:

p = arg max
i
{

n∑
j=1

Kij}. (14)

The intuition is that Kij = κ(xi, xj) denotes the similarity
of sample xi and sample xj in the feature space, and∑n

j=1Kij measures the similarity bewteen sample xi and
all SVs in the current budget. So the removal of SV that is
most similar to the current SVs set would be of the least
harmful. From the perspective of information theory, the
maximum similarity criterion is equivalent to maximizing
the Rényi quadratic entropy HR2 ≈ − log( 1

n2

∑n
i,j=1Kij)

[24]. This strategy is used in section IV-A and B.

IV. EXPERIMENT RESULTS

In this section, we first present a toy experiment to
show the basic idea of the proposed BOLSSVM algorithm.
Secondly, we compare the classification accuracy of the
proposed algorithm with four state-of-the-art budget online
learning algorithms on four benchmark datasets. Thirdly,
since the proposed algorithm can be used for k-fold cross-
validation, we adopt the proposed algorithm to make model
selection based on k-fold and LOO cross-validation for
LSSVM and compare the performance with the traditional
batch-mode learning algorithms, i.e., the CG algorithm
proposed by Suykens et al. [21] and the improved CG
algorithm introduced by Chu et al. [23]. Next, we present
the numerical results of three algorithms for regression task
(i.e., pruning LSSVM). At last, a real application problem
(i.e., online silicon content prediction problem) is presented
at the end of this section.

For the sake of simplicity, four kernel based online learn-
ing algorithms, i.e., random budget Perceptron algorithm
[10], Forgetron algorithm [9], bounded online gradient
descend method [11], and budgeted stochastic gradient
descent algorithm [25] are abbreviated as RBP, Forgetron,
BOGD and BSGD, respectively. We denote the LSSVM
model based on a fixed SVs set as Fixed SVs, which
is solved by Suykens CG algorithm. Similarly, LSSVM
models which fix the size of SVs set but update the SVs
in the learning process are denoted as Suykens CG (adopts
Suykens CG to solve the model) and Improved CG (adopts
Improved CG to solve the model), respectively.
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All experiments are performed in MATLAB 7.14 envi-
ronment on a single computer with 3.4 GHz Intel Core
i3 processors and 4 Gb of RODRAM running under the
Window 7 operating system.

A. A Toy Experiment

In this toy experiment, we specify the budget size B
as 10 and the training samples arrive two-by-two. As
shown in Fig.2, we denote the entire training samples,
current training samples, and current support vectors as
circles, snows, and diamonds, respectively. First of all,
10 training samples, including 5 positive and 5 negative
samples, form the initial SVs set (diamonds). Batch-mode
learning algorithms, such as Suykens CG method, can be
used to train the LSSVM model. It can be seen from
Fig.2(a) that the LSSVM model can correctly classify
the current training samples (snows). Next, BOLSSVM
algorithm is used to update the LSSVM model as follows.
When a new chunk of data arrives, the LSSVM model
performs prediction on the patterns of the chunk. Note
that the number of misclassified patterns m may be 0, 1
or 2 per iteration in this toy experiment. If m = 1, we
substitute the misclassified pattern for the pth SV according
to the maximum similarity criterion illustrated in Eq.(14).
In the case of m = 2, the two misclassified patterns will
substitute for two original SVs with maximum similarity.
As shown in Fig.2(b), two misclassified samples are added
to the SVs set and two original SVs are discarded from
the SVs set. Fig.2(c) shows that four misclassified samples
are selected as SVs, and four original SVs are discarded.
In Fig.2(d), two misclassified samples are added to the
SVs set and two original SVs are removed. By setting a
fixed budget size for SVs, BOLSSVM algorithm adjusts
SVs and the decision function per mistaken trial. In this
way, BOLSSVM algorithm can explore and uncover the
meaningful data structure from samples stepwisely. In this
experiment, the BOLSSVM algorithm iterates four times,
and the corresponding classifiers are shown in Fig.2(b-d).
It can be seen from Fig.2(d), all the samples are correctly
classified by the budget online LSSVM learning algorithm
with ten SVs.

B. Evaluation of Budget Online Learning Algorithms

In this section, we evaluate the empirical performance
of the proposed fixed budget online learning LSSVM algo-
rithm by comparing it with four state-of-the-art algorithms
for budget online learning: (i) RBP, (ii) Forgetron, (iii)
BOGD, and (iv) BSGD. Table VI shows the details of
four benchmark datasets used in our experiments. All of
these datasets can be obtained from UCI machine learning
repository [26] and LIBSVM website [27].

Gaussian radial basis function kernel, which is defined
as κ(xi, xj) = exp(−‖xi − xj‖2/σ) is adopted in this
study, for which the kernel width σ is selected as the
input dimension of the datasets and the regularization
parameter ν is specified as 1 for BOLSSVM. We use the
default setting for the parameters in BOGD [28] by setting

(a)

(c) (d)

(b)

Fig. 2: A toy experiment about two-spiral classifica-
tion problem. Data arrives in streaming fashion, and the
BOLSSVM algorithm adjusts the classifier dynamically by
incorporating the misclassified data into the active set.

TABLE I: Details of four benchmark datasets

Dataset # Samples # Features
German 1000 24

Spambase 4601 57
Adult9 9951 122
Ijcnn1 141691 22

the regularized parameter λ as 1
B2 , stepsize η as 1, and

maximum coefficient γ as 1. The setting of parameters λ
and η for BSGD are the same as BOGD. In this experiment,
RBP randomly discards one SV when the number of
SVs exceeds the predefined budget. Forgetron removes the
oldest SV. BOGD maintains SVs according to uniform
sampling. BSDG removes the SV with the lowest absolute
coefficient value. And BOLSSVM adopts the maximum
similarity criterion to update the SVs.

First of all, we show the behavior of the algorithms
over time. Fig.3 shows the average online classification
accuracy. The average online classification accuracy is the
total number of correctly classified samples seen as a
function of the number of all samples. From Fig.3 we can
draw the following conclusions: (i) Forgetron and RBP have
similar classification performance in terms of accuracy; (ii)
BOGD outperforms Forgetron and RBP; (iii) BSGD beats
BOGD in the case of (a) and (c), and closely tracks BOGD
in (b) and (d); (iv) BOLSSVM always outperforms other
budget online learning algorithms.

It should be pointed out that once a sample is misclassi-
fied, the BOLSSVM (fix chunk size as 1) adds the sample
to SVs set and updates the inverse of saddle point system.
Since this process requires O(B2) operations, the running
time grows quadratically w.r.t the budget parameter (i.e.,
B in Table II). In view of that, BOLSSVM is more time
consuming compared with state-of-the-art budget online
learning algorithms, especially in the case of large budget
size. On the other hand, large budget size means more
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Fig. 3: Average online classification accuracy for different algorithms on (a) German (b) Spambase (c) Adult9 and (d)
Ijcnn1 as a function of the number of training samples.

complete feature space spanned by the SVs and hence
higher model accuracy, i.e., larger budget size indicates
higher accuracy in general. It is a tradeoff between the
running time and prediction accuracy. Here, we conduct
an experiment to show the impact of the budget size which
may be used in practice. In the setting of chunk size as 1, we
randomly select 2000 samples from Adult9. Performance
of different budget sizes B ∈ {5, 10, 15, · · · , 995, 1000}
is reported by an average over 10 runs. In each run, we
randomly permute the samples. Fig.4(a) shows that the
interval around 600 is a good candidate for B.

It is worth noting that BOLSSVM employs a low rank
update technology to update the model, so it is flexible
for BOLSSVM to update the samples chunk-by-chunk.
Generally speaking, small chunk allows timely update.
So the chunk size would make differences to the test
accuracy and the computational time. The larger the chunk
size, the lower the test accuracy, and less running time
is required. To deeply understand the influence of the
chunk size, we analyze the computational complexity of
the BOLSSVM algorithm on a mild assumption, i.e., the
false predictions subject to uniform distribution and its
corresponding probability is p. The expectation operations
of BOLSSVM algorithm is O(B2l(p + 1

c −
(1−p)c

c )) to
process a dataset with l samples. Here c denotes the chunk
size. Fig.4(b) visually shows the impact of the chunk size
on the running time and the classification accuracy. This
experiment is conducted on Adult9, and the recommended
budget B = 600 is specified here. A series of chunk
size c ∈ {1, 2, 3, · · · , 19, 20} are tested. The performance
is reported by an average over 10 random runs. Fig.4(b)
recommends a chunk size c = 3 for Adult9 dataset.
However, some adaptive strategy that adjusts the chunk

size dynamically may further improve the performance of
BOLSSVM, and deserves intensive study.
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Fig. 4: Impacts of budget and chunk size on classification
accuracy and running time.

For a fair comparison and without loss of generality, we
set the budget size among {100, 200, 300} for German
dataset. And for the rest three datasets the budget size is set
among {600, 700, 800}. Table II summarizes the results of
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different budget online learning algorithms. All the experi-
ments are conducted 30 times, each with a different random
permutation of data points. The performance is reported by
an average over the 30 runs. It can be observed from Table
II that RBP and Forgetron achieve similar performance in
almost all cases. BOGD and BSGD achieve better perfor-
mance than RBP and Forgetron for all cases. Especially,
on the datasets of German and Ijcnn1, BOGD and BSGD
significantly improve the performance compared with RBP
and Forgetron algorithms. BSGD outperforms BOGD in
all datasets except Ijcnn1. In the current experiment, we
set the chunk size of BOLSSVM as 1, 5 and 10, denoted
as BOLSSVM1, BOLSSVM5 and BOLSSVM10 (see TA-
BLE II). TABLE II shows that the proposed BOLSSVM
algorithm further improves the performance of budget
online SVM algorithms (i.e., BOGD and BSGD). More-
over, on Adult9 and Ijcnn1, it significantly improves the
performance compared with the fashionable budget online
learning algorithms. For three BOLSSVMs (with different
chunk size), BOLSSVM1 wins 9 times in 12 experiments,
but meanwhile its running time is the highest. Compared
with BOLSSVM1 and BOLSSVM5, BOLSSVM10 reduces
the running time significantly without deteriorating the
accuracy too much. Synthetically, taking the factors of com-
putational efficiency and classification efficacy into account,
BOLSSVM10 is a good trade-off for online applications.

C. Model Selection Based on k-fold Cross-validation
Model selection is an important issue for LSSVM. Gen-

erally, the optimal hyper-parameters are selected according
to the generalization error. As LOO cross-validation has
been shown to give an almost unbiased estimator of learn-
ing model’s generalized property [29], [30], it is considered
as an effective criterion for model selection. On the other
hand, LOO cross-validation is much more time consum-
ing, so k-fold cross-validation is more widely applied in
practice. This section talks about model selection based
on minimization of the k-fold cross-validation estimate of
average test set accuracy (Abbr. Acc in Table III).

Four benchmark datasets for binary classification: Can-
cer, Sonar, Heart and Ionosphere from the UCI machine
learning repository [26] are used in the experiments.
Since it has been investigated that the Gaussian radial
basis function kernel is better than other ones when
we are lacking of prior knowledge [31], [32], thus, we
specify it as the kernel function here. We tune these
aforementioned parameters via grid search strategy by
setting ν ∈ {0.25, 1, 2, 4, 8, 32, 64, 256, 512, 1024} and
σ ∈ {0.05, 0.1, 0.5, 1, 2, 5, 10, 20, 50, 100} for the training
datasets. Consequently, the fold number is set as 30, 50,
100 and total number of samples l (associated with LOO),
and the corresponding chunk size is b l

30c, b
l
50c, b

l
100c and

1, respectively.
The running time in Table III shows that the proposed

budget online learning algorithm requires less running time
than the iteration algorithms introduced by Suykens et al.
and Chu et al. in all cases, especially for LOO cross-
validation.

The Acc column shows some interesting phenomena:
when the chunk size is set as 1, the solution of online
learning algorithm can closely approximate the solution
of batch-mode learning algorithm; in contrast, when the
chunk size is larger than 1, the solution of online learning
algorithm does not closely approximate the batch-mode
learning competitor and it wins/loses/draws 3/4/5 times,
respectively. The relationship between solution’s numerical
property and the chunk size will be investigated in the
future work.

D. Pruning LSSVM

The LSSVM support value αi is proportional to the error
at the data point, i.e., ναi = ei. To achieve the sparseness
of LSSVM, Suykens et al. proposed to prune those terms
of kernel expansions that share the smallest absolute values
αi [33]. Following the pruning method of Suykens et al.,
this experiment fixes the budget of support vectors set
as 200 and substitutes the newly arrived samples for the
data point with the smallest absolute values |αi|. In this
way, the chunk size m is 1, and the sample points that
affect least on the model structure are gradually deleted.
Three benchmark datasets for regression: Kin, Abalone
and Elevators from the UCI machine learning repository
are used in this experiment. To evaluate the performance,
three frequently used criteria for regression task, i.e., Root
Mean Square Error (RMSE), correlation coefficients of
the predicted values and real values (R), and the running
time are listed in Table IV. In addition to the Gaussian
kernel, Polynomial kernel κ(xi, xj) = (xT

i xj+1)d, Sigmoid
kernel κ(xi, xj) = tanh(xTi xj + γ), and Laplacian kernel
κ(xi, xj) = exp(−‖xi − xj‖/σ) are selected as the kernel
function for a thorough comparison. We use the default
parameter settings in libsvm [27] by setting the degree
of polynomial d to be 3, the sigmoid kernel matrix to be
positive definite, γ to be −1 [34], parameter σ in the third
kernel as the dimension of inputs. In addition, we set the
regularization parameter ν as 1.

Since the fixed budget online learning algorithm simply
updates the previous solution to the new solution when
a newly observed sample is available, it is much faster
than CG based algorithms. In terms of other quality index,
BOLSSVM, Suykens CG model and Improved CG model
are always the same. This indicates that the proposed
BOLSSVM algorithm is numerically stable. Online learn-
ing models, i.e., BOLSSVM, Suykens CG, and Improved
CG, employ the pruning scheme to track the dynamic
changes of data, so they achieve overall better results than
fixed SVs model in terms of RMSE and R, especially in
the cases of Abalone and Elevators. In the light of compre-
hensive performance, BOLSSVM with Gaussian kernel is
more suitable for online regression task.

E. Online Silicon Content Prediction Problem

For blast furnace (BF) thermal status modeling [35], [36],
silicon content in hot metal ([Si]) is always taken as the
output variable. Generally, the variables of the compressed
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TABLE II: Experimental results of budget online learning algorithm on four datasets

Budget size B = 100 B = 200 B = 300
Dataset Algorithm Mistake (%) Time (s) # Iter Mistake (%) Time (s) # Iter Mistake (%) Time(s) # Iter

German

RBP 38.74 0.17 387.4 38.31 0.22 383.1 37.23 0.24 372.3
Forgetron 39.38 0.22 393.8 38.80 0.26 388.0 37.36 0.28 373.6

BOGD 34.78 0.23 970.0 33.59 0.29 921.2 31.69 0.34 882.2
BSGD 34.62 0.24 962.0 32.78 0.29 904.7 31.45 0.35 854.4

BOLSSVM1 30.48 0.80 274.3 29.95 1.65 239.6 30.33 3.52 212.3
BOLSSVM5 30.87 0.42 149.6 30.08 0.91 134.4 30.31 1.97 118.1

BOLSSVM10 31.36 0.29 88.0 30.26 0.58 78.1 30.59 1.26 68.5
Budget size B = 600 B = 700 B = 800

Dataset Algorithm Mistake (%) Time (s) # Iter Mistake (%) Time (s) # Iter Mistake (%) Time(s) # Iter

Spambase

RBP 28.11 1.55 1293.3 27.09 2.14 1246.4 26.27 2.16 1208.5
Forgetron 28.39 1.98 1306.1 27.63 2.58 1271.3 26.63 2.57 1225.2

BOGD 26.39 2.14 3072.1 25.90 3.16 3016.1 25.43 3.19 2952.0
BSGD 26.08 2.17 2987.1 25.01 3.09 2882.4 24.63 3.13 2883.4

BOLSSVM1 25.36 106.13 1014.7 24.71 155.23 964.1 23.80 195.82 904.7
BOLSSVM5 25.41 61.65 609.1 24.43 90.76 586.3 23.64 115.68 561.8

BOLSSVM10 25.77 37.24 378.5 24.75 54.59 367.5 23.75 71.23 356.8
Budget size B = 600 B = 700 B = 800

Dataset Algorithm Mistake (%) Time (s) # Iter Mistake (%) Time (s) # Iter Mistake (%) Time(s) # Iter

Adult9

RBP 24.57 3.36 2445.1 24.41 3.75 2429.3 24.06 4.05 2394.0
Forgetron 24.08 4.01 2395.9 23.46 4.42 2334.7 23.43 4.70 2331.4

BOGD 22.88 3.84 3752.6 22.36 4.36 3683.8 22.05 4.64 3662.2
BSGD 22.50 3.83 4156.8 21.61 4.33 4014.8 21.46 4.63 3711.9

BOLSSVM1 17.07 144.38 1596.0 16.80 205.01 1554.0 16.71 281.07 1529.2
BOLSSVM5 17.13 102.31 1131.7 16.94 148.16 1108.8 16.74 203.50 1095.1

BOLSSVM10 17.21 71.77 790.3 17.02 103.76 774.1 16.74 142.36 767.8
Budget size B = 600 B = 700 B = 800

Dataset Algorithm Mistake (%) Time (s) # Iter Mistake (%) Time (s) # Iter Mistake (%) Time(s) # Iter

Ijcnn1

RBP 14.76 49.84 20920.3 14.26 53.46 20199.2 13.70 59.20 19411.6
Forgetron 14.56 58.34 20634.2 14.18 60.93 20096.1 14.06 67.45 19925.0

BOGD 11.68 52.56 26466.8 11.41 57.08 26708.5 11.26 63.46 26458.5
BSGD 12.25 55.85 28440.2 12.27 57.03 29426.4 12.16 63.63 27901.0

BOLSSVM1 9.57 1288.07 13509.9 9.57 1856.86 13506.7 9.56 2507.21 25365.4
BOLSSVM5 9.61 1017.92 11143.6 9.58 1442.31 11126.9 9.58 2058.99 11182.7

BOLSSVM10 9.62 800.71 8966.2 9.60 1138.93 8911.1 9.60 1626.76 8969.2
BOLSSVM1/5/10 stands for the data updated chunk-by-chunk with chunk size as 1/5/10

TABLE III: Experiment of k-fold cross-validation on four benchmark datasets

Algorithm
Cancer data set, 683 samples with 9-d inputs

30-fold 50-fold 100-fold LOO
ν σ Acc Time ν σ Acc Time ν σ Acc Time ν σ Acc Time

Suykens CG 0.25 20 96.97 488 0.25 20 96.92 845 0.25 20 96.83 1310 0.25 20 97.07 12243
Improved CG 0.25 20 96.97 368 0.25 20 96.92 570 0.25 20 96.83 1040 0.25 20 97.07 8510
BOLSSVM 0.25 20 97.12 346 1 50 97.23 507 0.25 50 96.83 825 0.25 20 97.07 3416

Algorithm
Sonar data set, 208 samples with 60-d inputs

30-fold 50-fold 100-fold LOO
ν σ Acc Time ν σ Acc Time ν σ Acc Time ν σ Acc Time

Suykens CG 4 20 87.22 50 256 100 88.50 91 256 100 88.50 134 32 50 88.94 260.91
Improved CG 4 20 87.22 36 256 100 88.50 65 256 100 88.50 94 32 50 88.94 198.06
BOLSSVM 4 20 87.22 17 256 100 88.50 33 8 50 86.00 59 32 50 88.94 105.86

Algorithm
Heart data set, 297 samples with 13-d inputs

30-fold 50-fold 100-fold LOO
ν σ Acc Time ν σ Acc Time ν σ Acc Time ν σ Acc Time

Suykens CG 0.25 50 84.44 112 0.25 50 85.60 169 0.25 100 86.00 281 0.25 100 84.51 1100
Improved CG 0.25 50 84.44 79 0.25 50 85.60 115 0.25 100 86.00 190 0.25 100 84.51 638
BOLSSVM 0.25 100 84.81 35 0.25 100 85.60 48 0.25 100 86.00 49 0.25 100 84.51 167

Algorithm
Ionosphere data set, 351 samples with 33-d inputs

30-fold 50-fold 100-fold LOO
ν σ Acc Time ν σ Acc Time ν σ Acc Time ν σ Acc Time

Suykens CG 1 20 95.45 131 1 20 95.43 238 1 20 95.00 363 8 20 96.01 1632
Improved CG 1 20 95.45 90 1 20 95.43 162 1 20 95.00 267 8 20 96.01 1139
BOLSSVM 0.25 50 92.42 62 0.25 50 93.14 113 0.25 20 94.00 145 8 20 96.01 288



JOURNAL OF LATEX CLASS FILES, VOL. , NO. , MAY 2015 9

TABLE IV: Experimental results of algorithms for regression

Algorithm Kernel
Kin data set Abalone data set Elevators data set

3000 samples, 8-d inputs 4177 samples, 7-d inputs 3200 samples, 17-d inputs
RMSE R Time RMSE R Time RMSE R Time

Fixed SVs
Gaussian 0.1991 0.6682 0.16 2.7804 0.6038 0.16 0.0064 0.6123 0.16

Polynomial 0.2142 0.5949 0.25 3.0316 0.5193 0.46 0.0064 0.7117 0.23
Sigmoid 0.2011 0.6563 0.19 2.8690 0.5630 0.48 0.0056 0.7706 0.30

Laplacian 0.2069 0.6504 0.17 2.7994 0.6002 0.14 0.0067 0.6617 0.17

Suykens CG
Gaussian 0.1870 0.7207 72.87 2.5003 0.7315 76.05 0.0037 0.8801 69.39

Polynomial 0.2100 0.6210 87.38 2.5377 0.6653 113.45 0.0037 0.8841 87.84
Sigmoid 0.1969 0.6789 81.47 2.5205 0.6908 98.33 0.0033 0.9074 73.96

Laplacian 0.1982 0.6821 72.63 2.5734 0.7279 91.46 0.0042 0.8681 69.29

Improved CG
Gaussian 0.1870 0.7207 56.91 2.5003 0.7315 60.65 0.0037 0.8805 42.68

Polynomial 0.2100 0.6210 58.00 2.5377 0.6653 75.21 0.0037 0.8841 55.04
Sigmoid 0.1969 0.6789 42.68 2.5205 0.6908 57.69 0.0033 0.9074 44.18

Laplacian 0.1982 0.6821 38.16 2.5734 0.7279 53.79 0.0042 0.8681 36.13

BOLSSVM
Gaussian 0.1870 0.7207 10.72 2.5003 0.7315 10.34 0.0037 0.8805 8.28

Polynomial 0.2100 0.6210 7.96 2.5377 0.6653 10.73 0.0037 0.8841 7.85
Sigmoid 0.1969 0.6789 7.39 2.5205 0.6908 10.94 0.0033 0.9074 7.60

Laplacian 0.1982 0.6821 7.83 2.5734 0.7279 10.75 0.0042 0.8681 7.81
The size of training set is set as 200.

air, the charged solid raw materials and some other hot
metal components are thought to be the most relevant ones.
They are selected as input variables. In this experiment,
two groups of experimental datasets about these related
variables are collected from a pint-sized BF with the inner
volume of about 750m3 and a medium-sized BF with the
inner volume of about 2000m3. They are labeled as BF
(a) and (b), respectively. For the BF (a), only 6 relevant
variables are collected due to its weak measurement con-
dition. They are selected as input variables. While for the
BF (b), a total of 14 candidate variables are selected as
input variables. There are 1000 data points observed for
each variable. In the current work, the first 500 sampling
points are taken as the training set and the residual 500
points are taken as the testing set. As a time varying
system, BF’s thermal status is mainly related with the latest
data elements. In such scenario, we use sliding windows
to update the training sets continuously by adding newly
produced data and removing the earliest data in the sliding
windows timely. Note that in this case, the budget and
chunk size of BOLSSVM are set as 500 and 1, respectively.
The schematic diagram of sliding windows is presented
in Fig.5. Gaussian radial basis function is specified as the
kernel function for its extensive applications [32] and good
performance in the BF modeling [36]. In this experiment,
four kernels used in the previous subsection are selected
for a thorough comparison. The kernel parameter setting is
the same as section IV-D.

To evaluate the performance of the BOLSSVM quantita-
tively, the following frequently used criteria in metallurgical
field as well as the time cost are listed in Table V.

Fig. 5: Schematic diagrams of the sliding windows.

• the percentage of hitting the target

H =

m∑
i=1

Hi × 100%, (15)

here m is the size of test set,

Hi =

{
1 |ỹi − yi| ≤ 0.1,

0 otherwise.
(16)

• the percentage of prediction success

S =

m∑
i=1

max(Hi, Ti)× 100%, (17)

here Ti is defined as,

Ti =

{
1 (ỹi − yi−1)(yi − yi−1) ≥ 0,

0 otherwise.
(18)

We say that the prediction is successful if max(Hi, Ti)
is 1.
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TABLE V: Experimental results of three methods on two BF datasets

Algorithm Kernel
BF (a) BF (b)

1000 samples, 6-d inputs 1000 samples, 14-d inputs
H% S% RMSE Time H% S% RMSE Time

Fixed SVs
Gaussian 71.8 84.3 0.1334 0.16 70.4 90.6 0.1023 0.15

Polynomial 81.2 88.6 0.1320 0.17 74.0 93.2 0.1009 0.16
Sigmoid 82.4 89.6 0.1316 0.27 70.4 92.0 0.1019 0.12

Laplacian 71.8 84.2 0.1334 0.18 63.6 83.6 0.1124 0.21

Suykens CG
Gaussian 83.4 93.4 0.1190 53.17 77.0 93.2 0.1000 58.36

Polynomial 83.8 91.6 0.1192 59.18 79.0 92.4 0.1024 67.13
Sigmoid 83.8 92.2 0.1187 61.37 78.0 92.8 0.1021 55.34

Laplacian 84.4 93.2 0.1135 52.69 78.2 93.2 0.0987 55.04

Improved CG
Gaussian 83.4 93.4 0.1190 52.29 77.0 93.2 0.1000 56.14

Polynomial 83.8 91.6 0.1192 76.19 79.0 92.4 0.1024 71.93
Sigmoid 83.8 92.2 0.1187 70.85 78.0 92.8 0.1021 68.90

Laplacian 84.4 93.2 0.1135 82.51 78.2 93.2 0.0987 87.45

BOLSSVM
Gasussian 83.4 93.4 0.1190 14.15 77.0 93.2 0.1000 15.57

Polynomial 83.8 91.6 0.1192 12.37 79.0 92.4 0.1024 14.57
Sigmoid 83.8 92.2 0.1187 13.87 78.0 92.8 0.1021 13.89

Laplacian 84.4 93.2 0.1135 9.97 78.2 93.2 0.0987 10.29

The Time column in Table V shows that the Fixed SVs
model costs less running time compared with other models.
The reason is that the fixed SVs model only trains the
LSSVM once. However, models using sliding windows
schematics outperform the fixed SVs model in terms of
other criteria, i.e., H%, S% and RMSE. When the chunk
size equals 1, the solution of online learning algorithm can
closely approximate the conventional batch learning algo-
rithms. Therefore, all three models using sliding windows
schematics always have the same H%, S% and RMSE.
For kernel selection, Laplacian kernel outperforms other
three kernels. It is more suitable for the modeling of BF
silicon content prediction task. Furthermore, the model
based on BOLSSVM algorithm is approximately four times
as efficient as the models based on conjugate gradient
algorithms proposed by Suykens et al. and Chu et al.

The high percentage of successful trend prediction,
competitive computational efficiency indicate that the
BOLSSVM algorithm based LSSVM model is a reliable
model for online silicon content prediction task.

V. CONCLUSION

In this paper, to tackle the problem of streaming data
and online applications, we propose a fast fixed bud-
get online learning algorithm to update the limited-scale
LSSVM dynamically. By employing the low rank correc-
tion technology and Sherman-Morrison-Woodbury formula,
the proposed BOLSSVM algorithm updates LSSVM model
efficiently and completely avoids re-training the model all
over again when a chunk samples substitute for another. As
a result, the BOLSSVM algorithm can be used to do k-fold
cross-validation for LSSVM. Especially, as a special case of
k-fold cross-validation, LOO cross-validation can be imple-
mented with computational complexity of only O(n3) oper-
ations with n training samples, which is significantly lower

than the O(n4) operations of the naı̈ve implementation. In
addition, we theoretically analyze the proposed BOLSSVM
algorithm and provide a detailed expectation computational
complexity. We conduct extensive empirical studies by
comparing the BOLSSVM algorithm with several state-of-
the-art algorithms. Experimental results show that the pro-
posed algorithm achieves promising performance. Limited
storage burden and efficient computational ability make the
proposed algorithm an ideal candidate to process streaming
data and to perform online prediction tasks. Future work
will be focused on the setting of a suitable budget size and
the exploiting relationship between the solution’s numerical
property and the chunk size.

VI. APPENDIX

A. Symbols

TABLE VI: Symbols

Notations Definitions
b bias term
ei error variable
n number of instances
yi output label
ỹi predicted value
ν regularization parameter

α ∈ Rn Lagrangian multipliers
w weighted vector

xi ∈ Rd input vector
x̃i ∈ Rd new arrived vector
x̂i ∈ Rd new support vector
y ∈ Rn label vector

K ∈ Rn×n kernel matrix
X ∈ Rn×d instance matrix
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B. Sherman-Morrison-Woodbury Formula
The following Sherman-Morrison-Woodbury formula is

an efficient scheme to compute the inverse of the sum of
an invertible matrix A and the product UCV T of matrices
U , C and V .
Lemma Sherman-Morrison-Woodbury formula [37]
Suppose A is an invertible square matrix and
U , C and V are matrices of correct sizes, then

(A+UCV T )−1 = A−1−A−1U(C−1+V TA−1U)−1V TA−1.

C. Rank-m Matrix Correction
Denote the saddle point matrix in Eq.(2) as

K11 + ν K12 · · · K1i · · · K1n 1
...

...
. . .

...
. . .

...
...

Ki1 Ki2 · · · Kii + ν · · · Kin 1
...

...
. . .

...
. . .

...
...

Kn1 Kn2 · · · Kni · · · Knn + ν 1
1 1 · · · 1 · · · 1 0


, Aold,

(19)
U ∈ Rn+1,m as

0 · · · 1 · · · 0 · · · 0 · · · 0
...

. . .
...

. . .
...

. . .
...

. . .
...

0 · · · 0 · · · 1 · · · 0 · · · 0
...

. . .
...

. . .
...

. . .
...

. . .
...

0 · · · 0︸︷︷︸
i1

· · · 0︸︷︷︸
i2

· · · 1︸︷︷︸
im

· · · 0



T

(20)
where

Ukj =

{
1, k = ij , j = 1, · · · ,m,
0, otherwise,

(21)

and V ∈ Rn+1,m as Eq.(17) at the bottom of this
page, where Kĵt = κ(x̂j , xt),Kijt = κ(xij , xt), j =
1, · · · ,m, t = 1, · · · , n. Adding the rank-m correction
matrix UV T to Aold deduces Q, and further, adding V UT

to Q, we get the updated saddle point matrix Anew. Here,
Anew is a rank-m correction matrix of Q, and Q is a
rank-m correction matrix of Aold. Employing the Sherman-
Morrison-Woodbury formula, we can deduce the inverse of
Anew as follows:

A−1
new = Q−1 −Q−1V (I + UTQ−1V )−1UTQ−1, (23)

where

Q−1 = A−1
old −A

−1
oldU(I + V TA−1

oldU)−1V TA−1
old. (24)

The computation of Q−1 and A−1
new need O(2(m+ 1)n2)

operations per iteration.
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