
Chapter 16

Appendix

16.1 Vector and matrix differentiation

Definition 16.1 (The three derivatives). For a matrix A, scalar z, and two vectors x, y (possibly one-
dimensional), let
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Lemma 16.2. For a scalar a, vectors x, y, v, and constant matrices A and S,
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Lemma 16.3. For matrix A and constant vector x,
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Definition 16.4. Let f : Rm ! R. The gradient of f(x) with respect to x is defined as
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and the Hessian of f(x) with respect to x is defined as
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Chain rule. Consider h : Rm ! R, g : R ! R, and f(x) = g(h(x)). From Lemma 16.2,

rf(x) = g0(h(x))rh(x),

Hf(x) = g0(h(x))Hh(x) + g00(h(x))rh(x)rT h(x)

since
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Example 16.5. Let us find the derivatives of f(x) = log
Pm

i=1 exi . Let z = (exp(xi))
m
i=1 so that f(x) =

log 1T z.
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Chain rule. Let h = (h1, . . . , hn) : Rm ! Rn, g : Rn ! R, and f(x) = g(h(x)). Then
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16.2 Properties of Expectation, Correlation, and Covariance for Vec-
tors
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