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A tandem repeat region  
Ch1: 933,911–935,015

GCTCCGTTACAGGTGGGCAGGGGAGGCGGCTGCGTTACAGGTGGGCAGGGGAGGCGGCTGCGTTAC
AGGTGGGCAGGGGAGGCGGCTGCGTTACAGGTGGGCAGGGGAGGCGGCTGCGTTACAGGTGGGCAG
GGGAGGCGGCTCCGTTACAGGTGGGCAGGGGAGGCGGCTGCGTTACAGGTGGGCAGGGGAGGCGGC
TGCGTTACAGGTGGGCAGGGGAGGCGGCTGCGTTACAGGTGGGCAGGGGAGGCGGCTCCGTTACAG
GTGGGCAGGGGAGGCGGCTCCGTTACAGGTGGGCAGGGGAGGCGGCTGCGTTACAGGTGGGCAGGG
GAGGCGGCTGCGTTACAGGTGGGCGGGGGAGGCGGCTGCGTTACAGGTGGGCGGGGGAGGCGGCTG
CGTTACAGGTGGGCAGGGGGGGCGGCTGCGTTACAGGTGGGCGGGGGAGGCGGCTGCGTTACAGGT
GGGCGGGGGAGGCGGCTCCGTTACAGGTGGGCGGGGGAGGCGGCTGCGTTACAGGTGGGCGGGGGA
GGCGGCTGCGTTACAGGTGGGCGGGGGGGGCGGCTGCGTTACAGGTGGGCGGGGGAGGCTGCTCCG
TTACAGGTGGGCGGGGGAGGCTGCTCCGTTACAGGTGGGCGGGGGGGGCGGCTGCGTTACAGGTGG
GCGGGGGGGGCGGCTGCGTTACAGGTGGGCGGGGGAGGCGGCTGCGTTACAGGTGGGCGGGGGAGG
CGGCTCCGTTACAGGTGGGCGGGGGAGGCGGCTGCGTTACAGGTGGGCGGGGGAGGCGGCTGCGTT
ACAGGTGGGCAGGGGAGGCGGCTGCGTTACAGGTGGGCAGGGGAGGCGGCTGCGTTACAGGTGGGC
GGGGGAGGCGGCTCCGTTACAGGTGGGCGGGGGAGGCGGCTGCGTTACAGGTGGGCGGGGGAGGCG
GCTGCGTTACAGGTGGGCGGGGGAGGCG



A tandem repeat region  
Ch1: 933,911–935,015

GCTCCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTCCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTCCGTTACAGGTGGGCAGGGGAGGCG 
GCTCCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGGGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTCCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGGGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCT GCTCCGTTACAGGTGGGCGGGGGAGGCT 
GCTCCGTTACAGGTGGGCGGGGGGGGCG GCTGCGTTACAGGTGGGCGGGGGGGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTCCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTCCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG



A tandem repeat region  
Ch1: 933,911–935,015

GCTCCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTCCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTCCGTTACAGGTGGGCAGGGGAGGCG 
GCTCCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGGGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTCCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGGGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCT GCTCCGTTACAGGTGGGCGGGGGAGGCT 
GCTCCGTTACAGGTGGGCGGGGGGGGCG GCTGCGTTACAGGTGGGCGGGGGGGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTCCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTCCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG

repeat unit
repeat unit length



GCTCCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTCCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTCCGTTACAGGTGGGCAGGGGAGGCG 
GCTCCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGGGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTCCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGGGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCT GCTCCGTTACAGGTGGGCGGGGGAGGCT 
GCTCCGTTACAGGTGGGCGGGGGGGGCG GCTGCGTTACAGGTGGGCGGGGGGGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTCCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTCCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG

A tandem repeat region 
Ch1: 933,911–935,015

Point mutation (PM)



Point mutations are  
in the same positions

GCTCCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTCCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTCCGTTACAGGTGGGCAGGGGAGGCG 
GCTCCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGGGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTCCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGGGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCT GCTCCGTTACAGGTGGGCGGGGGAGGCT 
GCTCCGTTACAGGTGGGCGGGGGGGGCG GCTGCGTTACAGGTGGGCGGGGGGGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTCCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTCCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG



Stochastic Model

Start from one repeat unit (seed).  
Random mutations:  
- Tandem duplications (TD)  
   of one or more repeat units 
- Point mutations (PM)



Stochastic Model

ACGT
Start from one repeat unit (seed).  
Random mutations:  
- Tandem duplications (TD)  
   of one or more repeat units 
- Point mutations (PM)



Stochastic Model

ACGT

ACGT ACGT

TD1
Start from one repeat unit (seed).  
Random mutations:  
- Tandem duplications (TD)  
   of one or more repeat units 
- Point mutations (PM)



Stochastic Model

ACGT

ACGT ACGT

ACGT ACTT

PM

TD1
Start from one repeat unit (seed).  
Random mutations:  
- Tandem duplications (TD)  
   of one or more repeat units 
- Point mutations (PM)



ACGT ACTT ACGT ACTT

Stochastic Model

ACGT

ACGT ACGT

ACGT ACTT

PM

TD1

TD2

Start from one repeat unit (seed).  
Random mutations:  
- Tandem duplications (TD)  
   of one or more repeat units 
- Point mutations (PM)



ACGT ACTT ACGT ACTT

Stochastic Model

ACGT

ACGT ACGT

ACGT ACTT

PM

ACGT ACTT GCGT ACTT

TD1

TD2

PM

Start from one repeat unit (seed).  
Random mutations:  
- Tandem duplications (TD)  
   of one or more repeat units 
- Point mutations (PM)



ACGT ACTT ACGT ACTT

Stochastic Model

ACGT

ACGT ACGT

ACGT ACTT

PM

ACGT ACTT GCGT ACTT

ACGT ACTT GCGT ACTT GCGT ACTT

TD1

TD2

TD2

PM

Start from one repeat unit (seed).  
Random mutations:  
- Tandem duplications (TD)  
   of one or more repeat units 
- Point mutations (PM)



ACGT ACTT ACGT ACTT

Stochastic Model

ACGT

ACGT ACGT

ACGT ACTT

PM

ACGT ACTT GCGT ACTT

ACGT ACTT GCGT ACTT GCGT ACTT

TD1

TD2

TD2

PM

Start from one repeat unit (seed).  
Random mutations:  
- Tandem duplications (TD)  
   of one or more repeat units 
- Point mutations (PM)

Parameters of the model:
Prob. of PM
Prob. of TDs  
of different lengths

Can we learn them?



Stochastic Model

ACGT ACTT GCGT ACTT GCGT ACTT

Start from one repeat unit (seed).  
Random mutations:  
- Tandem duplications (TD)  
   of one or more repeat units 
- Point mutations (PM)

Parameters of the model:
Prob. of PM
Prob. of TDs  
of different lengths

Can we learn them?



Finding Duplication History

ACGT ACTT GCGT ACTT GCGT ACTT



Finding Duplication History

ACGT ACTT GCGT ACTT GCGT ACTT



ACGT ACTT GCGT ACTT

Finding Duplication History

ACGT ACTT GCGT ACTT GCGT ACTT

TD2



ACGT ACTT GCGT ACTT

Finding Duplication History

ACGT ACTT GCGT ACTT GCGT ACTT

TD2

ACGT ACTT ACGT ACTT

PM



ACGT ACTT GCGT ACTT

Finding Duplication History

ACGT ACTT GCGT ACTT GCGT ACTT

TD2

ACGT ACTT ACGT ACTT

PM

ACGT ACTT
TD2



ACGT ACTT GCGT ACTT

Finding Duplication History

ACGT ACTT GCGT ACTT GCGT ACTT

TD2

ACGT ACTT ACGT ACTT

PM

ACGT ACTT
TD2

PM

ACGT ACGT



ACGT ACTT GCGT ACTT

Finding Duplication History

ACGT ACTT GCGT ACTT GCGT ACTT

TD2

ACGT ACTT ACGT ACTT

PM

ACGT ACTT
TD2

PM

ACGT ACGT

TD1
ACGT



ACGT ACTT GCGT ACTT

Finding Duplication History

ACGT ACTT GCGT ACTT GCGT ACTT

TD2

ACGT ACTT ACGT ACTT

PM

ACGT ACTT
TD2

PM

ACGT ACGT

TD1
ACGT

TD1, 2 TD2, 2 PM



ACGT ACTT GCGT ACTT

Finding Duplication History

ACGT ACTT GCGT ACTT GCGT ACTT

TD2

ACGT ACTT ACGT ACTT

PM

ACGT ACTT
TD2

PM

ACGT ACGT

TD1
ACGT

TD1, 2 TD2, 2 PM

Maximum Parsimony 
Thought to be NP-hard

[Gascuel et al., 2005]



Given the final sequence, can we 
efficiently estimate the parameters?

GCTCCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTCCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTCCGTTACAGGTGGGCAGGGGAGGCG 
GCTCCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGGGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTCCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGGGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCT GCTCCGTTACAGGTGGGCGGGGGAGGCT 
GCTCCGTTACAGGTGGGCGGGGGGGGCG GCTGCGTTACAGGTGGGCGGGGGGGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTCCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTCCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG



How to extract information 
from point mutations?

✤ Autocorrelation function:

★ r(𝛿) = fraction of symbols at distance 𝛿 units that are the same

ACGT ACTT GCGT ACTT GCGT ACTT

110 …

r(2)=15/16

r(1)=11/20

011 … 



Stochastic Approximation

❖ Suppose a discrete random process x satisfies:  
 
 
for a Lipschitz function h, and martingale difference M. 

❖ Then xn converges almost surely to a compact connected 
internally chain transitive invariant set of the ode  

Let cn = K
N0+n so that |xn(u)− xn−1(u)| ≤ cn and note that

n
∑

i=1

c2i = K2
n
∑

i=1

1

(N0 + i)2
≤ K2

ˆ n

0

dt

(N0 + t)2
=

K2

N0
−

K2

N0 + n
=

K2n

N0(N0 + n)
·

By the Hoeffding-Azuma inequality, we have

P (|xn(u)− x0(u)| ≥ λ) ≤ 2 exp

(

−λ2N2
0 (N0 + n)2

2K4n2

)

≤ 2 exp

(

−λ2N2
0

2K4

)

.

Unfortunately, the martingale argument does not extend to more complex
cases for example when u is a substring of length larger than 1. Therefore,
for analyzing such cases, we use the more flexible technique of stochastic
approximation as described in the sequel.

4 General Derivation for Stochastic Approxi-

mation

xn+1 − xn = an(h(xn) +Mn+1)

xn+1 − xn =
1

n
(h(xn) +Mn+1)

∑

an = ∞,
∑

a2n < ∞, e.g., an =
1

n
·

ẋt = h(xt).

xn+1 − xn = E[xn+1 − xn|Fn] + xn+1 − xn − E[xn+1 − xn|Fn]

= E[xn+1 − xn|Fn] + (xn+1 − E[xn+1|Fn])

= · · ·

=
1

Ln

(

h(xn) +O
(

L−1
n

))

+
1

Ln

(

Mn+1 +O
(

L−1
n

))

xn+1 − xn = E[xn+1 − xn|Fn] + xn+1 − xn − E[xn+1 − xn|Fn] (1)

= E[xn+1 − xn|Fn] + (xn+1 − E[xn+1|Fn]) (2)

= · · · (3)

=
1

Ln

(

h(xn) +Mn+1 +O
(

L−1
n

))

(4)

5

implying that

|xn(u)− xn−1(u)| ≤
Kmax{Ln−1 − µn−1(u), µn−1(u)}

Ln−1(Ln−1 +K)

≤
K

Ln−1 +K
≤

K

N0 + n− 1 +K
≤

K

N0 + n

Let cn = K
N0+n so that |xn(u)− xn−1(u)| ≤ cn and note that

n
∑

i=1

c2i = K2
n
∑

i=1

1

(N0 + i)2
≤ K2

ˆ n

0

dt

(N0 + t)2
=

K2

N0
−

K2

N0 + n
=

K2n

N0(N0 + n)
·

By the Hoeffding-Azuma inequality, we have

P (|xn(u)− x0(u)| ≥ λ) ≤ 2 exp

(

−λ2N2
0 (N0 + n)2

2K4n2

)

≤ 2 exp

(

−λ2N2
0

2K4

)

.

Unfortunately, the martingale argument does not extend to more complex cases for
example when u is a substring of length larger than 1. Therefore, for analyzing such
cases, we use the more flexible technique of stochastic approximation as described in the
sequel.

4 General Derivation for Stochastic Approximation

xn+1 − xn = an(h(xn) +Mn+1)
∑

an = ∞,
∑

a2n < ∞, e.g., an =
1

n
·

ẋt = h(xt).

In this section, we present a general framework for the problem of analyzing evolution
of sequences under duplication processes using stochastic approximation, which relates
the problem to an ordinary differential equation. Here, we only show the general deriva-
tion and leave checking of assumptions and analysis of the specific ode’s that arise from
partiuclar systems to their respective sections.

For an ordered set U, suppose µn = (µu
n)u∈U is a vector representing the number of

appearances of objects u ∈ U , such as certain substrings, in the string s at time n and let
xn = µn

Ln
be the normalized version of µn. Furthermore, let Eℓ[ · ] denote the expected

value conditioned on the fact that the length of the duplicated substring is ℓ. Our goal is
to find out how xn changes with n. Let

δℓ = Eℓ[µn+1|Fn]− µn.

Recall that qi is the probability of the event ℓ = i.
Consider the following conditions:

4



Stochastic Approximation for 
Autocorrelation



Stochastic Approximation for 
Autocorrelation
✤ rn: autocorr. after n mutations

✤ The stochastic approximation equation for rn: 

 
    A: a matrix that depends on the parameters:  
                           P(PM), P(TD1), P(TD2), …

✤ As n increases, rn tends to a point in the null space of A



Autocorrelation Limit
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Estimation Algorithm

1. Calculate autocorrelation r of s.

2. Find mutation probs such that the l2-norm             is 
minimized.

GCTCCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTCCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTCCGTTACAGGTGGGCAGGGGAGGCG 
GCTCCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGGGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTCCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGGGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCT GCTCCGTTACAGGTGGGCGGGGGAGGCT 
GCTCCGTTACAGGTGGGCGGGGGGGGCG GCTGCGTTACAGGTGGGCGGGGGGGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTCCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTCCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG

s =



Estimation Algorithm

1. Calculate autocorrelation r of s.

2. Find mutation probs such that the l2-norm             is 
minimized.

GCTCCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTCCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTCCGTTACAGGTGGGCAGGGGAGGCG 
GCTCCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGGGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTCCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGGGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCT GCTCCGTTACAGGTGGGCGGGGGAGGCT 
GCTCCGTTACAGGTGGGCGGGGGGGGCG GCTGCGTTACAGGTGGGCGGGGGGGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTCCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCAGGGGAGGCG GCTGCGTTACAGGTGGGCAGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTCCGTTACAGGTGGGCGGGGGAGGCG 
GCTGCGTTACAGGTGGGCGGGGGAGGCG GCTGCGTTACAGGTGGGCGGGGGAGGCG

s =



Estimation Algorithm

P
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PM TD 1 TD2 TD3 TD4 TD5
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Noisy  
ChannelCAATGTAC… CAATATGGAC…

Data encoded in DNA Noisy Output

✤ Stochastic estimation algorithm (NP-Hard(?) combinatorial problem).

✤ Point mutation enables estimation of duplication lengths.

✤ Capacity? Error-correcting codes?  
Synthetic biology algorithms using storage, performing encoding/decoding?

✤ Application to phylogenetics (estimation of # mutations of each type)


