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Unprecedented Network Complexity

• The million (billion?) dollar question: adaptive, automated 
and autonomous optimization of multiple heterogeneous 
network entities that can learn, match and evolve with the 
system dynamics, while only observing limited information 
about the environment. 
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The Need for Online Learning

• Previous design philosophy is increasingly insufficient
– Optimization
– Engineering heuristics, domain expert to solve “corner cases”
– Data-first, model-later supervised learning, including deep learning

• Fundamental issues
– Extremely complex wireless system
– Unknown and highly dynamic deployment environment
– Coupling behavior, non-convexity, computational complexity, etc
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What is Online Learning?

• From Wikipedia: online learning “[is] a method of machine 
learning in which data becomes available in a sequential
order and is used to update the best predictor for future 
data at each step”

• This tutorial focuses on sequential decision making under 
uncertainty, which is intimately related to the applications 
in wireless communications

• We will mostly talk about two tools in this field
– Multi-armed bandits
– Reinforcement learning
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Why Online Learning?

• Characteristics of online learning match very well with 
wireless communications
– closed-loop and sequential operation 
– long-term performance criteria
– existing feedback protocols 

Today’s wireless systems have much stronger capabilities 
to enable the adoption of online learning techniques
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Why Online Learning?

• Online learning has matured over the past decade
– Notable advances in multi-armed bandits and reinforcement 

learning, both theory and practice
– New methods such as deep reinforcement learning have seen 

success in many applications, such as speech recognition, 
computer vision, natural language processing, and games

• Online learning has flashed promises in solving complex 
wireless communication problems
– Spectrum engineering
– Wireless network management, especially under the O-RAN 

architecture 
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Outline of the Tutorial

• Part 1: Overview of online learning for wireless 
communications (15min, CS)

• Part 2: Multi-armed bandits (60min, CT)

• Part 3: Reinforcement learning (50min, MvdS)

• Part 4: Design examples in wireless communications 
(50min, CS)
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Part 1: Intro to MAB

1 Intro to MAB
Formulation & Examples
Regret
Policies for MAB
Comparison & Discussion
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Multi-armed bandit (MAB) problem

• Gambling in a casino with K slot machines (arms)
sequentially over rounds t = 1,2, . . .

• When played in round t , “arm a” yields random reward Rt
that comes from unknown Fa

In each round t

• Play an arm At based on A1, . . . ,At−1 & R1, . . . ,Rt−1

• Observe & collect its random reward Rt ∼ FAt

Goal

• Maximize expected cumulative reward E
[∑

t Rt
]
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MAB in communications - Dynamic channel selection

• Time-slotted communication, t = 1,2, . . .
• K channels {C1, . . . ,CK} with time-varying qualities
• Channel gains & distributions are unknown

In each time slot t

• Select a channel At based on A1, . . . ,At−1 & R1, . . . ,Rt−1

• Transmit on At , then observe Rt = ACK/NAK

Goal

• Maximize expected number of successful transmissions
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MAB in communications - Beam alignment

• Time-slotted communication, t = 1,2, . . .
• K beams {B1, . . . ,BK} with time varying qualities
• Unknown expected received signal strengths (RSS)

In each time slot t

• Select a beam At based on A1, . . . ,At−1 & R1, . . . ,Rt−1

• Transmit with At , then observe Rt = noisy RSS

Goal

• Maximize expected cumulative RSS
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Stochastic K -armed bandit model

Properties of the environment

• Arm set [K ] = {1, . . . ,K} (known)
• Arms are independent (known)
• Reward distribution F = F1 × · · · × FK (unknown)
• Distribution type (e.g., Bernoulli, Gaussian) (known)
• Expected rewards µ = [µ1, . . . , µK ] (unknown)

Environment class E
• E.g., (A) all K -armed bandits with Bernoulli rewards
• E.g., (B) all K -armed bandits with rewards in [0,1]

(bounded support)
• This tutorial mostly considers (A) or (B). Others include

subgaussian, Gaussian, heavy-tailed, etc.
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How to choose At?

Construct a policy for the environment class E
• History Ht = {A1,R1, . . . ,At−1,Rt−1}
• Policy π : histories→ distributions over [K ]

Follow the policy

• Play At ∼ π(·|Ht )

• Observe Rt ∼ FAt

• Update Ht+1 = Ht ∪ {At ,Rt}
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Regret of a policy

Goal Maximize

E

[
T∑

t=1

Rt

]

Highest cumulative reward over T rounds?

• Best arm a∗ = arg maxa µa

• Highest expected reward: µ∗ = maxa µa

• Highest cumulative expected reward: Tµ∗

(Pseudo) Regret

Regπ(T ) = T × µ∗ −
T∑

t=1

µAt

Fact

max
π

E

[
T∑

t=1

Rt

]
= min

π
E [Regπ(T )]
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What is a good policy?

Definition (Good policy)

For all bandit instances in E (e.g., all K -armed bandits with
independent arm rewards in [0,1])

lim
T→∞

E [Regπ(T )]

T︸ ︷︷ ︸
time avg. regret

= 0

E.g., E [Regπ(T )] = O(
√

T ), E [Regπ(T )] = O(log T )

A good policy should

• Explore arms to discover the best

• Exploit the arm that is believed to be the best

• Be computationally efficient
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Regret decomposition

∆a = µ∗ − µa suboptimality gap

Na,t =
∑t

s=1 I(As = a) number of plays of “arm a” by round t

Lemma (Regret decomposition)

E [Regπ(T )] =
∑K

a=1 ∆aE[Na,T ]

Proof.

E [Regπ(T )] = Tµ∗ − E

[ T∑
t=1

µAt

]
=

T∑
t=1

µ∗ − E

[ T∑
t=1

K∑
a=1

µaI(At = a)

]
︸ ︷︷ ︸∑K

a=1 I(At =a)=1

(1)

= E

[ K∑
a=1

(µ∗ − µa)
T∑

t=1

I(At = a)

︸ ︷︷ ︸
Na,T

]
(2)

=
K∑

a=1

∆aE[Na,T ] (3)
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Regret lower bound

Definition (Consistent policy)

π is consistent if for all F ∈ E and p > 0

lim
T→∞

E[Regπ(T )]

T p = 0⇒ E[Regπ(T )] = o(T p)

Theorem (Asymptotic lower bound (Lai and Robbins 1985))

Let E be class of bandits with independent single parameter
exponential family of reward distributions (e.g., Fa = Ber(θa)).
For a consistent policy π

lim inf
T→∞

E[Regπ(T )]

log T
≥

∑
a:µa<µ∗

µ∗ − µa

KL(a,a∗)

⇒ E[Regπ(T )] = Ω(log T )
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14.13

Optimality definitions

Definition (Asymptotic optimality)

Policies for which

lim
T→∞

E[Regπ(T )]

log T
=

∑
a:µa<µ∗

µ∗ − µa

KL(a,a∗)

are called asymptotically optimal

Definition (Order optimality)

Policies for which E[Regπ(T )] = O(log T ) are called order
optimal
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Greedy policy

Greedy policy
1: Store & update: cumulative rewards Va & play counts Na

for each a ∈ [K ]

2: Initialization: sample each arm once
3: At each round t > K :

• Select At = arg maxa µ̂a := Va
Na

• Collect reward Rt

• Update parameters VAt = VAt + Rt , NAt = NAt + 1

• Never explores, always exploits
• Might get stuck selecting a suboptimal arm
• Incurs linear regret in the long run
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Upper Confidence Bound (UCB) policy

UCB policy
1: Store & update: cumulative rewards Va & play counts Na for each

a ∈ [K ]

2: Initialization: sample each arm once
3: At each round t > K :

• Calculate UCB index of each arm a ∈ [K ]

ga =
Va

Na︸︷︷︸
µ̂a

+

√
2 log t

Na︸ ︷︷ ︸
exp. bonus

• Select the optimistic best arm

At = arg max
a

ga

• Collect reward Rt ∈ [0, 1]

• Update parameters VAt = VAt + Rt , NAt = NAt + 1



Multi-armed Bandits
for Wireless

Communications

Intro to MAB
Formulation & Examples

Regret

Policies for MAB

Comparison & Discussion

Combinatorial MAB
Formulation & Examples

Regret

Combinatorial UCB

Extensions & Discussion

Decentralized
multi-user MAB
Formulation

Centralized solution &
regret

Decentralized solution

Extensions & Discussion

Other models

References

14.15

Upper Confidence Bound (UCB) policy

UCB policy
1: Store & update: cumulative rewards Va & play counts Na for each

a ∈ [K ]
2: Initialization: sample each arm once

3: At each round t > K :

• Calculate UCB index of each arm a ∈ [K ]

ga =
Va

Na︸︷︷︸
µ̂a

+

√
2 log t

Na︸ ︷︷ ︸
exp. bonus

• Select the optimistic best arm

At = arg max
a

ga

• Collect reward Rt ∈ [0, 1]

• Update parameters VAt = VAt + Rt , NAt = NAt + 1



Multi-armed Bandits
for Wireless

Communications

Intro to MAB
Formulation & Examples

Regret

Policies for MAB

Comparison & Discussion

Combinatorial MAB
Formulation & Examples

Regret

Combinatorial UCB

Extensions & Discussion

Decentralized
multi-user MAB
Formulation

Centralized solution &
regret

Decentralized solution

Extensions & Discussion

Other models

References

14.15

Upper Confidence Bound (UCB) policy

UCB policy
1: Store & update: cumulative rewards Va & play counts Na for each

a ∈ [K ]
2: Initialization: sample each arm once
3: At each round t > K :

• Calculate UCB index of each arm a ∈ [K ]

ga =
Va

Na︸︷︷︸
µ̂a

+

√
2 log t

Na︸ ︷︷ ︸
exp. bonus

• Select the optimistic best arm

At = arg max
a

ga

• Collect reward Rt ∈ [0, 1]

• Update parameters VAt = VAt + Rt , NAt = NAt + 1



Multi-armed Bandits
for Wireless

Communications

Intro to MAB
Formulation & Examples

Regret

Policies for MAB

Comparison & Discussion

Combinatorial MAB
Formulation & Examples

Regret

Combinatorial UCB

Extensions & Discussion

Decentralized
multi-user MAB
Formulation

Centralized solution &
regret

Decentralized solution

Extensions & Discussion

Other models

References

14.16

Regret of UCB policy

Lemma (ga is a UCB)

ga ≥ µa for all arms in all rounds with high probability

• Assume that At = a is suboptimal, i.e., ∆a > 0. Then,

ga ≥ ga∗ ≥ µ∗ = µa + ∆a > µa

• If At = a happens a lot, then, ga → µ̂a → µa

• At = a cannot happen a lot since µa < µ∗ ≤ ga∗
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Regret of UCB policy

Theorem (Regret of UCB (Auer et al. 2002))

E [RegUCB(T )] ≤ 8
∑

a:µa<µ∗

log T
µ∗ − µa

+

(
1 +

π2

3

)∑
a

(µ∗ − µa)

= O

( ∑
a:µa<µ∗

log T
∆a

)

Takeaways

• Order optimal O(log T ) regret
• ∆a small⇒ harder to distinguish⇒ higher regret
• Exploration achieved by optimism under uncertainty
• At deterministic given history
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UCB in action
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Thompson (posterior) sampling

Bayesian algorithm (William R. Thompson in 1933)

1 Start with prior over bandit instances p(F )

2 Compute posterior distribution of the optimal arm p(a∗|Ht )

3 At ∼ p(a∗|Ht )

Equivalently

1 Start with prior over bandit instances p(F )

2 Compute posterior over bandit instances p(F |Ht )

3 Sample a bandit instance F̂ ∼ p(F |Ht )

4 At = arg maxa µa(F̂ )
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Thompson sampling for Bernoulli bandits

• Fa = Ber(θa), F = F1 × · · · × FK

• Prior over θa: Beta(1,1)

• Prior over (θ1, . . . θK ):
∏K

a=1 Beta(1,1)

• Posterior over θa: Beta(1 + αa,1 + βa)

Thompson sampling (Bernoulli arms)
1: Store & update: success αa & failure βa counts for each a ∈ [K ]
2: At each round t:

• Sample θa ∼ Beta(1 + αa, 1 + βa) for all a ∈ [K ]

• Select At = arg maxa θa

• Collect reward Rt ∈ {0, 1}
• Update parameters αAt = αAt + Rt , βAt = βAt + 1− Rt
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Regret bound for Thompson sampling

Theorem (Regret of Thompson sampling (Kaufmann et al. 2012,
Agrawal and Goyal 2013))

For Bernoulli bandits, for every ε > 0

E [RegTS(T )] ≤ (1 + ε)
∑

a:µa<µ∗

log T
KL(a, a∗)︸ ︷︷ ︸

Ω(∆2
a)

∆a + O
(

K
ε2

)

= O

 ∑
a:µa<µ∗

log T
∆a



Takeaways

• Asymptotically optimal regret
• Exploration achieved by sampling from posterior
• Randomized policy
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Thompson sampling in action
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Empirical comparison
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• Thompson sampling mostly works very well in practice
• Tighter UCBs⇒ smaller regret. E.g., KL-UCB (Garivier

and Cappe, 2011)
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Gap-free regret bounds

Regret bounds obtained so far

• Depend on the bandit instance F (gap-dependent)
• UCB: O(

∑
a:µa<µ∗

log T
∆a

)

• Thompson sampling: O(
∑

a:µa<µ∗
log T
∆a

)

Gap-free regret bounds

• Hold for any bandit instance
• UCB: O(

√
KT log T )

• Thompson sampling: O(
√

KT log T )

Minimax regret
infall policies supall bandit instances in E E[Regπ(T )] = Ω(

√
KT )
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Multi-armed bandits and reinforcement learning

General RL framework

• Repeated interaction over time t = 1,2, . . .
• (St ,At )→ (St+1,Rt+1)

Agent

Environment

Action (arm)Reward State 

Comparison

• General RL: St+1 depends on past actions and states
(e.g., Markov model)

• K -armed stochastic bandit: one state
• More structure⇒ more specialized algorithms & faster

learning/convergence & rigorous optimality guarantees
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Summary of Part 1

• Studied stochastic K -armed bandit.
I Ra,t ∼ Fa (unknown), indep. of other arms

• Any consistent policy incurs at least Ω(log T ) regret
• UCB and TS achieve O(log T ) regret
• UCB explores by being optimistic
• TS explores by sampling from posterior
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Part 2: Combinatorial MAB

2 Combinatorial MAB
Formulation & Examples
Regret
Combinatorial UCB
Extensions & Discussion
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Combinatorial semi-bandits
Formulation

• K base arms
• Base arm outcome vector: X t = (X1,t , . . . ,XK ,t ) ∼ F
• Xa,t ∈ [0,1]

• Super arm: collection of base arms, e.g., {1,3,5}
• Set of feasible super arms: I ⊆ 2{1,...,K}

• Reward of super arm S:

f (S,X t ) =
∑
a∈S

Xa,t (linear rewards)

In each round t

• Select a super arm St ∈ I
• Collect reward f (St ,X t ) (bandit feedback)
• Observe outcomes Xa,t of a ∈ St (semi-bandit feedback)

Goal

• Maximize E
[∑T

t=1 f (St ,X t )
]
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∑
a∈S

Xa,t (linear rewards)

In each round t

• Select a super arm St ∈ I
• Collect reward f (St ,X t ) (bandit feedback)
• Observe outcomes Xa,t of a ∈ St (semi-bandit feedback)

Goal

• Maximize E
[∑T

t=1 f (St ,X t )
]
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CMAB example: multi-user communication

• L users, K channels (L ≤ K )
• Only one user can transmit on each channel, otherwise

collision

Ch1 Ch2 Ch3

U1 0.8 0.5 1.0

U2 0.5 0.6 0.9

Optimal matching: (U1,Ch1), (U2,Ch2)

A suboptimal matching: (U1,Ch3), (U2,Ch2)

• Base arms: User-channel pairs (u, c)

• X(u,c),t : throughput of u on c as the sole user
• Super arms: One-to-one matchings of users to channels
• Reward: sum throughput f (St ,X t ) =

∑
(u,c)∈St

X(u,c),t
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CMAB example: path selection

• Base arms: links between nodes
• Super-arms: Paths from source to destination
• Base arm outcomes: link delays
• Super arm loss: total delay from source to destination

S D
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3

4

5

6

7
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Regret of a policy

• Expected outcome of base arm a: µa = E[Xa,t ]

• Expected outcome vector: µ = (µ1, . . . , µK )

• Optimal super arm: S∗ = arg maxS∈I f (S,µ)

(Pseudo) regret

Regπ(T ) = T × f (S∗,µ)−
T∑

t=1

f (St ,µ)

Fact

max
π

E

[
T∑

t=1

f (St ,X t )

]
= min

π
E[Regπ(T )]
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How to compute optimal solution

Offline optimization oracle

• Knows I and f (·, ·)
• Given any parameter vector θ returns

Oracle(θ) = arg max
S∈I

f (S,θ)

Computationally efficient optimization oracles exist for many
combinatorial problems of interest
• Maximum weighted bipartite matching: Hungarian

algorithm
• Shortest path: Dijkstra’s algorithm
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Combinatorial UCB [Gai et al. 2012, Chen et al. 2013, Kveton
et al. 2015]

UCB indices 

S
em

i-
ba

nd
it

fe
ed

ba
ck

Update
parameters

Play Super arm 

CUCB Oracle

Environment

1

2 3

4
5

6

 

Collect 
Observe Base arm outcomes 

Combinatorial UCB (CUCB)
1: Store & update: cumulative rewards Va & play counts Na for each a ∈ [K ]

2: Initialization: In first t0 rounds, initialize each a ∈ [K ] with one observation
3: At each round t > t0:

• Calculate UCB indices of base arms: ga = µ̂a +
√

1.5 log t
Na

, a ∈ [K ]

• Query optimization oracle with UCB indices

St = Oracle(g1, . . . , gK ) = arg max
S∈I

f (S, (g1, . . . , gK ))

• Collect reward f (St ,X t ) and observe outcomes Xa,t , a ∈ St

• Update parameters based on observed outcomes
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Regret of combinatorial UCB

Theorem (gap-dependent bound (Kveton et al. 2015))

E[RegCUCB(T )] = O(KL(1/∆) log T )

where L = maxS∈I |S| and ∆ is the gap between best and second best super
arm

Theorem (gap-free bound (Kveton et al. 2015))

Regret of combinatorial UCB is bounded as

E[RegCUCB(T )] = O(
√

KLT log T )

where L = maxS∈I |S|

Theorem (lower bounds (Kveton et al. 2015))

E[Regπ(T )] = Ω(KL(1/∆) log T ) gap-dependent

E[Regπ(T )] = Ω(
√

KLT ) gap-free
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Extension to non-linear rewards

r(S,µ) = E[f (S,X t )] varies smoothly with µ

Assumption (Lipschitz continuity)

|r(S,µ)− r(S,µ′)| ≤ B||µS − µ′S||1

Assumption (Monotonicity)

If for all a ∈ [K ], µa < µ′a, then r(S,µ) ≤ r(S,µ′)

Same algorithm, different optimization oracle. Call oracle with
UCB indices to get the estimated optimal super arm.

Theorem (Chen et al. 2015)

Under Lipschitz continuity (or more general bounded
smoothness) and monotonicity assumptions

E[RegCUCB(T )] = O(
√

T log T )
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Modeling base arm outcomes using Gaussian processes
(Demirel and Tekin 2021)

• µ = (µ1, . . . , µK ) is a sample from a GP with known kernel
• Combinatorial GP-UCB

I At each t compute posterior mean µt and variance σ2
t of µ

I Compute GP-UCB indices ga,t = µa,t +
√
βtσa,t for a ∈ [K ]

I St = Oracle(g1,t , . . . , gK ,t )

GP-UCB indices 
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• Under GP model expected base arm outcomes are
correlated

• Regret bounds depend on maximum information that can
be gained about µ after T rounds.
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Extension to approximation oracles

• Combinatorial UCB can work with (α, β)-approximation
oracles
I Pr[r(Oracle(µ),µ) ≥ αmaxS∈I r(S,µ)] ≥ β

• Then, regret is measured with respect to αβ fraction of the
optimal
I E[Regα,βπ (T )] := αβT ×maxS∈I r(S,µ)−E

[∑T
t=1 f (St ,X t )

]
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Combinatorial Thompson sampling (Wang and Chen 2018,
Huyuk and Tekin 2019)

Combinatorial TS (Bernoulli base arms)
1: Store & update: success αa & failure βa counts for each arm
2: At each round t:

• Sample θa,t ∼ Beta(1 + αa, 1 + βa) for all a ∈ [K ]

• Query optimization oracle with posterior samples

St = Oracle
(
θ1,t , . . . , θK ,t

)
• Collect reward f (St ,X t ) and observe outcomes Xa,t , a ∈ St

• Update parameters based on observed outcomes

• When base arm outcomes are independent, achieves
O(K log T/∆) + g(K ,∆) gap-dependent regret (Wang and Chen 2018).
∆ = gap between best and second best super arm

• Requires exact computation oracle

• “Usually” works well in practice but g(K ,∆) can grow exponentially with
K



Multi-armed Bandits
for Wireless

Communications

Intro to MAB
Formulation & Examples

Regret

Policies for MAB

Comparison & Discussion

Combinatorial MAB
Formulation & Examples

Regret

Combinatorial UCB

Extensions & Discussion

Decentralized
multi-user MAB
Formulation

Centralized solution &
regret

Decentralized solution

Extensions & Discussion

Other models

References

14.38

Combinatorial Thompson sampling (Wang and Chen 2018,
Huyuk and Tekin 2019)

Combinatorial TS (Bernoulli base arms)
1: Store & update: success αa & failure βa counts for each arm
2: At each round t:

• Sample θa,t ∼ Beta(1 + αa, 1 + βa) for all a ∈ [K ]

• Query optimization oracle with posterior samples

St = Oracle
(
θ1,t , . . . , θK ,t

)
• Collect reward f (St ,X t ) and observe outcomes Xa,t , a ∈ St

• Update parameters based on observed outcomes

• When base arm outcomes are independent, achieves
O(K log T/∆) + g(K ,∆) gap-dependent regret (Wang and Chen 2018).
∆ = gap between best and second best super arm

• Requires exact computation oracle

• “Usually” works well in practice but g(K ,∆) can grow exponentially with
K



Multi-armed Bandits
for Wireless

Communications

Intro to MAB
Formulation & Examples

Regret

Policies for MAB

Comparison & Discussion

Combinatorial MAB
Formulation & Examples

Regret

Combinatorial UCB

Extensions & Discussion

Decentralized
multi-user MAB
Formulation

Centralized solution &
regret

Decentralized solution

Extensions & Discussion

Other models

References

14.39

Empirical comparison

• Linear rewards
• 150 base arms
• Each super arm consists of 10 base arms
• Expected base arm outcomes are sampled from a GP
• CTS samples from independent Gaussian posteriors
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14.40

Summary of Part 2

• Introduced combinatorial semi-bandits
I Centralized multi-user communication
I Path selection

• Studied CUCB
I O(KL(1/∆) log T ) gap-dependent regret
I O(

√
KLT log T ) gap-free regret

• Studied extensions
I Non-linear super arm rewards
I GP sample base arm outcomes
I Approximation oracles
I Combinatorial TS



Multi-armed Bandits
for Wireless

Communications

Intro to MAB
Formulation & Examples

Regret

Policies for MAB

Comparison & Discussion

Combinatorial MAB
Formulation & Examples

Regret

Combinatorial UCB

Extensions & Discussion

Decentralized
multi-user MAB
Formulation

Centralized solution &
regret

Decentralized solution

Extensions & Discussion

Other models

References

14.40

Summary of Part 2

• Introduced combinatorial semi-bandits
I Centralized multi-user communication
I Path selection

• Studied CUCB
I O(KL(1/∆) log T ) gap-dependent regret
I O(

√
KLT log T ) gap-free regret

• Studied extensions
I Non-linear super arm rewards
I GP sample base arm outcomes
I Approximation oracles
I Combinatorial TS
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Part 3: Decentralized multi-user MAB

3 Decentralized multi-user MAB
Formulation
Centralized solution & regret
Decentralized solution
Extensions & Discussion
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Decentralized multi-user MAB
Formulation

• L players (users), K arms (channels), L ≤ K

• Users are synchronized
• In each round t = 1,2, . . .

I User n selects arm An,t

More than one user on the same channel⇒ collision
Collision feedback: ηn,t = 1 if no collision, 0 if collision

I User n observes ηn,t on selected arm
If collision, user gets zero reward
If no collision, user also observes Bernoulli reward
Xn,t ∼ Ber(µn,An,t ) on selected arm (e.g., packet success/fail
due to other channel conditions)

• Parameters {µn,a}n∈[L],a∈[K ] are positive but unknown
• Users do not observe others’ actions and rewards

Goal
Maximize expected sum of total rewards

E

[
T∑

t=1

L∑
n=1

ηn,tXn,t

]
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Centralized solution & regret
Centralized version

• Users must select (sit on) different channels.
• Combinatorial bandit with linear rewards

I Base arms: user-channel pairs (n, an)
I Super arms S: user-channel matchings {(n, an)}L

n=1
I Feasible super arm set I: Orthogonal matchings
I Optimization oracle: Hungarian algorithm
I Unique optimal super arm: S∗ = arg maxS∈I

∑
(n,a)∈S µn,a

Regret

E[Regπ(T )] = T
∑

(n,a)∈S∗
µn,a − E

[
T∑

t=1

L∑
n=1

ηn,tXn,t

]

Theorem (Recall CUCB regret bound)

E[RegCUCB(T )] = O(KL(1/∆) log T ) gap-dependent

E[RegCUCB(T )] = O(
√

KLT log T ) gap-free
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Decentralized solution - key ideas

• Assume that time horizon T is known by all users
• Can we minimize E[Regπ(T )] in the decentralized setting

without explicit communication?
Algorithm by Bistritz and Leshem, 2018
I Phase 1: Each user tries to learn its own expected rewards

(exploration)
I Phase 2: Users try to converge to S∗ distributedly using a

utility-based dynamics (agreement)
I Phase 3: Each users selects the agreed arm (exploitation)

User 1

User 2

User L

explore agree exploit

 rounds  rounds  rounds

explore agree exploit

explore agree exploit
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Phase 1: Exploration

Each user n independently runs the following protocol

Exploration
1: Store & update: Cumulative rewards Vn,a & play counts Nn,a for

each a ∈ [K ]
2: for each t ≤ Te: do
3: Select An,t ∼ Unif([K ])
4: Observe no-collision indicator ηn,t

5: if ηn,t = 1 then
6: Collect reward Xn,t

7: Vn,An,t = Vn,An,t + Xn,t , Nn,An,t = Nn,An,t + 1
8: end if
9: end for

10: return µ̂n,a = Vn,a/Nn,a for each arm a ∈ [K ]

Lemma (Exploration error probability)

Let S∗exp = arg maxS∈I
∑

(n,a)∈S µ̂n,a be the estimated optimal
allocation. Then, for some positive constants c1 and c2.

Pr(S∗exp 6= S∗) ≤ c1 exp(−c2Te)
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14.46

Phase 2: Agreement

• Users play an “arm (throne) selection" game using
utility-based dynamics aka Game of Thrones (GoT)

• Utilities depend on µ̂n,a from exploration phase

GoT
1: Input: {µ̂n,a}a∈[K ] from exploration phase
2: for each t ∈ G := (Te,Te + Tg ]: do
3: Select An,t based on GoT dynamics
4: Observe ηn,t , collect reward
5: Record selections
6: end for
7: return Throne a∗n for user n calculated based on {An,t}t∈G
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Phase 2: Agreement

Dynamics for user n

• State model
I User n keeps a baseline “prefered” arm bn ∈ [K ]
I Status: content (sn = C), discontent (sn = D)
I Present state: [bn, sn]

• Initialization
I sn = C, bn ∼ Unif([K ])

• Status based arm selection rule
I A content user n “likely sticks" with bn

Pr(An = bn) = 1− εc ,

Pr(An = a 6= bn) =
εc

K − 1

I A discontent user n explores uniformly

Pr(An = a) =
1
K
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Phase 2: Agreement

Dynamics for user n (cont.)

• Utilities
I Current utility: un = µ̂n,An︸ ︷︷ ︸

from exploration

× ηn︸︷︷︸
no coll. ind. on An

I Max utility: un,max = maxa µ̂n,a

• State update
I sn = C and An = bn and un > 0:

[bn,C]→ [bn,C]

I sn = C and (An 6= bn or un = 0):

[bn,C]→

{
[An,C] w .p. un

un,max
εun,max−un

[An,D] w .p. 1− un
un,max

εun,max−un

I sn = D:

[bn,D]→ same as above
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Phase 2: Agreement

• Dynamics of users induce a Markov chain on

joint state space
∏

n∈[L]

([K ]× {C,D})

• Under mild assumptions & Te long enough
I The chain is “ergodic" with stationary distribution π
I (Optimal state in GoT) S∗exp = S∗ (true optimal state)
I For sufficiently small ε, πS∗ >

1
2

Succession

• Time spent being content on arm a:

Fn,a =
∑
t∈G

I(An,t = a, sn,t = C)

• Throne of user n:

a∗n = arg max
a

Fn,a
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Phase 2: Agreement

• Dynamics of users induce a Markov chain on

joint state space
∏

n∈[L]

([K ]× {C,D})

• Under mild assumptions & Te long enough
I The chain is “ergodic" with stationary distribution π
I (Optimal state in GoT) S∗exp = S∗ (true optimal state)
I For sufficiently small ε, πS∗ >

1
2

Succession

• Time spent being content on arm a:

Fn,a =
∑
t∈G

I(An,t = a, sn,t = C)

• Throne of user n:

a∗n = arg max
a

Fn,a
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Phase 2: Agreement

Lemma (GoT error probability)

Let S∗GoT = {(n,a∗n)}n∈[L] be the super arm returned after GoT
dynamics. Then,

Pr(S∗GoT 6= S∗exp) ≤ c3 exp

(
−c4

Tg

Tm

)
where Tg is GoT phase length and Tm is mixing time of the
induced Markov chain
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Phase 3: Exploitation

Exploitation
1: Input: a∗n from GoT phase
2: for each t ∈ (Te + Tg ,T ]: do
3: Select a∗n
4: Collect reward ηn,tXn,t

5: end for

Theorem (Decentralized regret)

For all users set Te = O(log T ) and Tg = O(log T ). Then,

E[RegGoT(T )] = O(log T )

Proof.

• Exploration and GoT error probabilities vanish when Te and Tg

are large enough.

• Te&Tg = O(log T )⇒ Pr(S∗GoT = S∗exp = S∗) ≥ 1− 1/T .

I S∗GoT = S∗ ⇒ regret only from Exploration & GoT phases
I S∗GoT 6= S∗ ⇒ regret O(T ) but only w.p. at most 1/T
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Extensions

• T not known beforehand⇒ epoch-based structure (Bistritz and
Leshem, 2018)

User 1

User 

 

1st epoch

 ... ...
th epoch

...

  ... ...

• Continuous & Markovian rewards, fairness (Bistritz and Leshem,
2021, Bistrizt et al. 2021)

• Lots of collisions due to uniform exploration⇒ Orthogonal
exploration (Hanawal and Darak, 2018)
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Extensions - Dynamic rate and channel adaptation

Dynamic rate and channel adaptation (Javanmardi et al. 2021)

• Each user selects a channel and transmission rate

• Expected rewards depend on both channel and rate

• Exploration phase: Sequential halving orthogonal exploration
(SHOE)

I Sequential halving to identify optimal rate for each channel
I Orthogonal exploration to reduce collisions

• Agreement phase: GoT over (channel, channel’s estimated best
rate) pairs

• Exploitation phase: select (throne, throne’s estimated best rate)
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Extensions - No collision sensing for homogeneous case

• Heterogeneous case: µn,c different for each n.
Homogeneous case µn,c same for all n

• When collision feedback is available:
I Implicit communication for homogeneous case (Boursier

and Perchet, 2019)
I Regret gap to centralized MAB is largely closed

• No-sensing: collision information is unavailable at the
players
I Zero reward can come indistinguishably from either collision

or natural random reward generation
I E.g., communication failure can come from either other

users transmitting on the same channel or instantaneous
channel noise is very large

I Regret gap is significant
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Extensions - No collision sensing for homogeneous case
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Extensions - No collision sensing for homogeneous case

• This gap is closed in (Shi et al. 2020). An algorithm based
on
I Implicit communication + error-correction coding for

Z -channel
I Result: Decentralized multi-user MAB without collision

information can (asymptotically) approach the performance
of centralized multi-user MAB

• Information theory and coding theory found a surprising
application in MAB
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Summary of Part 3

• Studied decentralized multi-user MAB
I Heterogeneous rewards
I Collision feedback
I Synchronized users
I Distributed algorithm: explore - GoT - exploit
I O(log T ) regret
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Contextual bandits

In each round t

1 Observe context (state) xt

2 Select arm At ∈ {1, . . . ,K}
3 Collect reward Rt ∼ FAt ,xt

Examples

• User position, base station position, partial channel state
information, etc.

Challenge

• How to maximize E[
∑T

t=1 Rt ]?

• Expected rewards depend on the context. µa,x unknown

• Context set can be very large. Need to explore-exploit efficiently
for each context

I Need additional structure to learn fast
I Contextual linear bandit: µa,x = 〈θ∗, ψ(a, x)〉
I Lipschitz contextual bandit: |µa,x − µa,x′ | ≤ B||x − x ′||
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Contextual bandits

Contextual bandits in high dimensions [Tekin and van der Schaar
2015a, Turgay et al. 2020]

• Context set can be high dimensional

• Reward for each arm only depends on small subset of (unknown)
relevant dimensions (sparsity)

• Traditional contextual bandit algorithms suffer from curse of
dimensionality

• Utilizing sparsity in learning result in regret that scales only with
relevant dimensions

Cooperation in contextual bandits [Tekin and van der Schaar 2015b]

• Multi-user setting

• Users have different sets of arms

• A user can select its own arm, or pay other users to select an
arm for itself

• Users can accumulate higher rewards with cooperation
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Thank you

End of Part “Multi-armed Bandits for
Wireless Communications”
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• Single-agent wireless communication
• Cross-layer optimization

• Static settings: multi-objective optimization
• Dynamic settings: 
• Solution 1: solve the same multi-objective optimization repeatedly -> Use supervised learning -> 

myopic, sub-optimal solution
• Solution 2: centralized reinforcement learning -> complex, often sub-optimal solution
• Solution 3: decentralized reinforcement learning -> optimal solution

• Multi-agent wireless communication
• Compliant users

• Power control as a learning game
• Slotted MAC protocols – going beyond slotted CSMA/CA – learning without communication

• Strategic users
• Resource competition – mechanism design + multi-agent reinforcement learning

• Beyond wireless communications: social networks, content caching etc.

vanderschaar-lab.com

Wireless communications as an ML problem
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• Single-agent wireless communication
• Cross-layer optimization

• Static settings: multi-objective optimization
• Dynamic settings: 
• Solution 1: solve the same multi-objective optimization repeatedly -> Use supervised learning -> 

myopic, sub-optimal solution

vanderschaar-lab.com

Wireless communications as an ML problem
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Presentation

Transport

Network

Data Link
MAC

Physical

Application

OSI Layers

Session

• RF
• Transmit power
• Antenna direction

• Baseband
• Modulation
• Equalization

• Link/MAC
• Frame length
• Error correction coding
• ARQ
• Admission Control and Scheduling
• Packetization

• Transport/Network
• Signaling
• TCP/UDP
• Packetization

• Application
• Compression strategies
• Concealment, Post-processing etc.
• Rate/Format adaptation
• Channel coding/ARQ
• Number of  streams/flow
• Scheduling
• Packetization

Wireless communications: An ML problem?

vanderschaar-lab.com

Selection of  algorithms 
and hyper-parameters 
is needed!
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• NO!!

• Remember, a protocol = a set of  standards defining 
“message” formats & exchange rules, but not how to select 
the algorithms, parameters, optimizations of  the protocol!

We need cross-layer design and optimization

vanderschaar-lab.com

Can protocols alone provide optimal solutions for wireless 
communications?
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Cross-layer design and optimization is essential because:

• it leads to improved performance over existing wireless networks;

• It provides guidelines for designing and optimizing the inter-layer 
message exchanges (middleware);

• it provides valuable insights on how to design the next generation 
networking algorithms and protocols.

vanderschaar-lab.com

Why Cross-Layer Design and Optimization? 



M. van der Schaar, S. Krishnamachari, S. Choi, and X. Xu, “Adaptive cross-layer protection strategies for 
robust scalable video transmission over 802.11 WLANs,” IEEE J. Sel. Areas Commun., Dec. 2003.

M. van der Schaar and S. Shankar, “Cross-layer wireless multimedia transmission: challenges, principles, 
and new paradigms,” IEEE Wireless Commun. Mag., Aug. 2005.

Wireless transmission – A cross-layer optimization problem

vanderschaar-lab.com

Algorithms/parameters 
to optimize

Input

Output

Utility

Constraints



- Time-varying inputs: Application requirements, wireless channels

- Time-varying constraints

- Need to solve the cross-layer problem repeatedly, each time inputs or 
constraints change! 

- Very expensive!

- Solution?

M. van der Schaar and S. Shankar, “Cross-layer wireless multimedia transmission: challenges, principles, 
and new paradigms,” IEEE Wireless Commun. Mag., Aug. 2005.

Cross-layer optimization problem: Challenges

vanderschaar-lab.com



M. van der Schaar, D. Turaga, and R. Wong, "Classification-Based System For Cross-Layer Optimized 
Wireless Video Transmission," IEEE Trans. Multimedia, vol. 8, no. 5, pp. 1082-1095, Oct. 2006.

Use supervised learning!

How to adapt to changing demands and resources?
A first machine learning approach

vanderschaar-lab.com

Limitation: myopic learning



Reinforcement 
learning

F. Fu and M. van der Schaar, IEEE Trans. 
Multimedia, Jun. 2007.

How to optimally adapt to changing environments?
Learning and decision making under uncertainty

vanderschaar-lab.com



Reinforcement-learning basics

vanderschaar-lab.com

Discrete-time Markov Decision Process (MDP):



Application Layer
• State: buffer fullness
• Actions: packet scheduling, 

source coding
• State transition: buffer 

transition
• Reward: distortion reduction

Physical Layer
• State: SNR
• Actions: modulation, power
• State transition: SNR transition
• Cost: consumed power

12

Current action impacts both immediate as well as future reward

vanderschaar-lab.com

Wireless comms as a reinforcement-learning problem



vanderschaar-lab.com Fu &vdSchaar, 2006

Wireless comms as a reinforcement-learning problem
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Wireless comms as a reinforcement-learning problem



Reinforcement-learning basics: Policy and Value

vanderschaar-lab.com



Reinforcement-learning basics: Objective

vanderschaar-lab.com
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Conventional model-free RL:Q-learning



vanderschaar-lab.com

Conventional model-free RL:Q-learning



Reinforcement-learning basics: Model-free vs Model-based

vanderschaar-lab.com Thanks N. Mastronarde
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Improvements in wireless comm RL

With N. Mastronarde
With F. Fu



Reinforcement 
learning

F. Fu and M. van der Schaar, IEEE Trans. 
Multimedia, Jun. 2007.

How to adapt to changing demands and resources?
Learning and decision making under uncertainty

vanderschaar-lab.com
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Wireless comms as a reinforcement-learning problem

With N. Mastronarde

With N. Mastronarde
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• Single-agent wireless communication
• Cross-layer optimization

• Static settings: multi-objective optimization
• Dynamic settings: 
• Solution 1: solve the same multi-objective optimization repeatedly -> Use supervised learning -> 

myopic, sub-optimal solution
• Solution 2: centralized reinforcement learning -> complex, often sub-optimal solution

• Solution 3: decentralized reinforcement learning -> optimal solution

vanderschaar-lab.com

Wireless communications as an ML problem



How to adapt to changing demands and resources?
Different Layers – Different dynamics!

Reinforcement 
learning

F. Fu and M. van der Schaar, "A New 
Systematic Framework for Autonomous Cross-
Layer Optimization," IEEE Trans. Veh. Tech., 
vol. 58, no. 4, pp. 1887-1903, May, 2009.

vanderschaar-lab.com



Reinforcement learning – A centralized approach?

F. Fu and M. van der Schaar, "A New 
Systematic Framework for Autonomous 
Cross-Layer Optimization," IEEE Trans. 
Veh. Tech., vol. 58, no. 4, pp. 1887-1903, 
May, 2009.

vanderschaar-lab.com
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• Decision making - coupled among layers

• Environmental dynamics at various layers (different time scales)

• Adaptation granularity (multiple time scales/granularities at 
different layers)

• How to exchange information among layers? What information 
should be exchanged?

• Which layer/layers should perform the optimization?

• Protocol compliant? Protocols are determined and controlled by 
different entities/companies

• Violate OSI stack?

Challenges for cross-layer design and optimization 

vanderschaar-lab.com
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• Current cross-layer optimization violates layered architecture
• Centralized
• Lead to dependent layer design
• Reduce network stability and extensibility

• Decision maker requires to know 
• All possible strategy combination 
• Dynamics from different layers

• Objective
• Myopic performance (maximizing current utility) or (also) impact on the future 

performance?

Why do we care about future performance at the current time?
Current decisions impact immediate and future performance
• Video Rate & Distortion: Coding decisions for current video data unit impact bit-budget, rate, 
and distortion of  future data units
•Power & Delay: Time to transmit current video packets impacts time available (and power 
required) to transmit future video packets

Other Challenges

vanderschaar-lab.com
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Key questions to be answered:
1. How can each layer optimally configure its own parameters?
2. What information should be exchanged between layers and how?

Systematic layered optimization with information exchange

vanderschaar-lab.com



Multiple agents acting to optimize 
common goal facing different dynamics

New methods for reinforcement 
learning – needed!

Reinforcement learning –
A distributed reinforcement learning approach

vanderschaar-lab.com

F. Fu and M. van der Schaar, "A New 
Systematic Framework for Autonomous 
Cross-Layer Optimization," IEEE Trans. 
Veh. Tech., vol. 58, no. 4, pp. 1887-1903, 
May, 2009.
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Centralized Markov Decision Process (MDP) formulation

vanderschaar-lab.com



Centralized DP operator

vanderschaar-lab.com
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• Functionality of  each layer is specified in terms of  QoS services that 
received from layer(s) below and that required to provide to layer(s) above. 

• The advantage of  layered architectures is that the designer or 
implementer of  the protocol or algorithm at a particular layer can focus on 
the design of  that layer, without being required to consider all the 
parameters and algorithms of  the rest of  the stack. 

• Key insight: decentralization in terms of  QoS – provision (feasibility) and 
requirements (selection)

vanderschaar-lab.com

Decentralized learning solutions: Key insights
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• Define instantaneous QoS exchange to determine internal 
actions – upward message exchange

• Design layered DP operator to determine external actions –
downward message exchange

1s

ls

Ls

1s¢

ls¢

Ls¢

1a

la

La

e.g. buffer transition

1b

lb

e.g. SNR transition

Q oS

Q oS

Key ideas of  layered DP operator

vanderschaar-lab.com
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Structure of  cross-layer optimization

vanderschaar-lab.com
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Example for cross-layer optimization

vanderschaar-lab.com



38

Structure of  cross-layer optimization (cont.)

vanderschaar-lab.com
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• packet loss probability 
• transmission time per packet 
• transmission cost per packet 

QoS and internal reward computation

vanderschaar-lab.com
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• Instantaneous QoS definition:

Instantaneous QoS

vanderschaar-lab.com
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Proposed layered DP operator

vanderschaar-lab.com
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Proposed layered DP operator (Cont’d)

vanderschaar-lab.com



Proposed layered DP operator (Cont’d)

vanderschaar-lab.com
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QoS frontier 
computation Layered DP 

QoS frontier 
computation Layered DP

Layered DP

1L-Z 1LV -

1V1Z

Layer L

Layer l

Layer 1

Upward message Download message

Message exchange & layer optimizer

vanderschaar-lab.com
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• This layered framework allows us to 
• Keep the layered architecture unaffected.

• Independently upgrade protocols
• Design minimal message exchange between layers
• Provide performance bound for current ad-hoc layer-centric optimization

Single-layer optimization
üAdapt the parameters at each 
layer independently 

Cross-layer optimization
üJointly optimize the parameters 
across multiple layers

Layered MDP framework

Advantages of  layered MDP framework

vanderschaar-lab.com



F. Fu and M. van der Schaar, "Decomposition Principles and Online Learning in Cross-Layer 
Optimization for Delay-Sensitive Applications", IEEE Trans. Signal Process., vol 58, no. 3, pp. 1401-1415, 
Feb. 2010

Cross-layer optimization for delay-sensitive multimedia
(Learning with real-time constraints)

vanderschaar-lab.com

Packet dependencies, delays, etc.

More sophisticated state definitions
More sophisticated environmental dynamics



Q. Li and M. van der Schaar, "Providing adaptive QoS to layered video over wireless local area networks 
through real-time retry limit adaptation," IEEE Trans. Multimedia, vol. 6, no. 2, pp. 278-290, Apr. 2004.

H. P. Shiang and M. van der Schaar, "Multi-user video streaming over multi-hop wireless networks: A 
distributed, cross-layer approach based on priority queuing," IEEE J. Sel. Areas Commun., May 2007.

How to adapt to changing demands and resources?
Model-based adaptation using queuing theory

vanderschaar-lab.com

More sophisticated state definitions
More sophisticated environmental dynamics
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• Single-agent wireless communication

• Multi-agent wireless communication
• Compliant users

• Power control as a learning game
• Slotted MAC protocols – going beyond slotted CSMA/CA – learning without communication

• Strategic users
• Resource competition – mechanism design + multi-agent reinforcement learning

vanderschaar-lab.com

Wireless communications as an ML problem



Y. Su and M. van der Schaar, "Conjectural Equilibrium in 
Multi-user Power Control Games", IEEE Trans. Signal 
Process., vol. 57, no. 9, pp. 3638-3650, Sep. 2009.

Y. Su and M. van der Schaar, "Dynamic Conjectures in 
Random Access Networks Using Bio-inspired 
Learning," IEEE J. Sel. Areas Commun., vol. 28, no. 4, pp. 
587-601, May 2010.

From single to multiple users:
Interference Management using Multi-user Learning

vanderschaar-lab.com



W. Zame, J. Xu and M. van der Schaar, 
"Winning the Lottery: Learning Perfect 
Coordination with Minimal Feedback," in IEEE 
J. Sel. Topics in Signal Process., Oct. 2013

W. Zame, J. Xu and M. van der Schaar, 
"Cooperative Multi-Agent Learning and 
Coordination for Cognitive Radio 
Networks," IEEE J. Sel. Areas Commun, Mar. 
2014.

From single to multiple users:
Better congestion control by learning to coordinate
without communication

vanderschaar-lab.com



From single to multiple users:
Energy-Efficient Nonstationary Power Control in Wireless 
Networks

vanderschaar-lab.com

With Yuanzhang Xiao

Optimal foresighted multi-user wireless video 
IEEE Journal of  Selected Topics in Signal Processing 9 (1), 89-101

Dynamic spectrum sharing among repeatedly interacting selfish users with imperfect monitoring
IEEE Journal on Selected Areas in Communications 30 (10), 1890-1899

Distributed interference management policies for heterogeneous small cell networks
IEEE Journal on Selected Areas in Communications 33 (6), 1112-1126

Efficient interference management policies for femtocell networks
IEEE Transactions on Wireless Communications 14 (9), 4879-4893



Taxonomy

(Spectrum) Sharing Policies

Static Dynamic
Mostly used for secondary users (SUs) 
dynamically accessing idle spectrum    
licensed to primary users (PUs)
MUCH MORE!!

Stationary Nonstationary
Existing works Our work



Stationary vs. nonstationary policies

• Stationary policies: action depends on the current state only

• Nonstationary policies: action depends on the history as well as 
the current state 

• Most existing works are stationary
• Model the system as a single-user MDP: stationary policy is 

optimal
• Model the system as a multi-user MDP, but restrict attention to 

stationary policies: suboptimal

• Well-known that the optimal resource sharing policies should be 
nonstationary [Altman 1999][Shimkin 1994] when
• decentralized users have conflicting objectives
• decentralized users have coupled constraints



Illustration – Stationary policies

Tx 1

Tx 2

Rx 1

Rx 2

A simple two (secondary) user network: Noise power at both users’ receivers: 5 mW

Both users discount throughput and energy 
consumption by                 

Minimum average throughput requirements
User 1 - 2 bits/s/Hz
User 2 - 1 bits/s/Hz

Stationary policy: Both users transmit at fixed power levels simultaneously
(achieved by the power control algorithm by Yates et. al.)

Avg. energy consumption for user 1: 90 mW
Avg. energy consumption for user 2: 50 mW

State: channel conditions (fixed)

Channel gains are fixed
Goal: minimize energy 

Action: transmit power levels



Illustration – Simple nonstationary policies

A simple nonstationary policy: alternating round-robin TDMA
Transmit schedule: 1212…
(Actions are time dependent)

Avg. energy consumption for user 1: 31 mW
Avg. energy consumption for user 2: 8 mW

Better…. 



Illustration – Simple nonstationary policies

A modified round-robin TDMA policy:
Transmit schedule: 112112…

Avg. energy consumption for user 1: 22 mW
Avg. energy consumption for user 2: 17 mW

Still better….
More complicated cycles?
Finding the “best” cycle is complicated – combinatorial



Illustration – Optimal nonstationary policies

The optimal policy is NOT cyclic
Transmit schedule: 1111212112211221…

Moral:
•Optimal policy is not cyclic!

Good news:
- We construct a simple, intuitive and general 
algorithm to build such policies

- Significant performance improvements
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90% energy saving

1 PU with minimum throughput requirement of 1 bit/s/Hz
2-15 SUs with minimum throughput requirement of 0.5 bit/s/Hz  

Stationary: infeasible beyond 5 SUs

Small number of SUs:Large number of SUs:

50% energy saving



F. Fu and M. van der Schaar, "Noncollaborative Resource Management for Wireless Multimedia 
Applications Using Mechanism Design," IEEE Trans. Multimedia, Jun. 2007

F. Fu, T. M. Stoenescu, and M. van der Schaar, "A Pricing Mechanism for Resource Allocation in 
Wireless Multimedia Applications," IEEE Journal of  Selected Topics in Signal Process., Aug. 2007

H. Park and M. van der Schaar, "Coalition-based Resource Reciprocation Strategies for P2P Multimedia 
Broadcasting," IEEE Trans. Broadcast. Sep. 2008

H. Park and M. van der Schaar, "Bargaining Strategies for Networked Multimedia Resource 
Management," IEEE Trans. Signal Process., Jul. 2007.

From benevolent to strategic users:
Multi-user wireless games, learning and decisions

vanderschaar-lab.com



M. van der Schaar and F. Fu, "Spectrum Access Games and Strategic Learning in Cognitive Radio 
Networks for Delay-Critical Applications," Proc. of  IEEE, Special issue on Cognitive Radio, Apr. 2009.

Reinforcement learning for multiple strategic users

vanderschaar-lab.com



F. Fu and M. van der Schaar, 
"Noncollaborative Resource 
Management for Wireless 
Multimedia Applications Using 
Mechanism Design," IEEE Trans. 
Multimedia, Jun. 2007.

Mechanism design based resource allocation and 
Multi-agent Reinforcement Learning

vanderschaar-lab.com



F. Fu and M. van der Schaar, "Learning to Compete for Resources in Wireless Stochastic 
Games," IEEE Trans. Veh. Tech., vol. 58, no. 4, pp. 1904-1919, May 2009.

Multi-user wireless games and reinforcement learning

vanderschaar-lab.com



Y. Andreopoulos, N. Mastronarde, and M. van der 
Schaar, "Cross-layer Optimized Video Streaming Over 
Wireless Multihop Mesh Networks," IEEE J. Sel. Areas 
Commun., vol. 24, no. 11, pp. 2104-2115, Nov. 2006.

Building BIG networks!
Distributed optimization in multi-hop networks

vanderschaar-lab.com



Building BIG networks! 
Multi-agent reinforcement learning in multi-hop nets

H. P. Shiang and M. van der Schaar, 
"Online Learning in Autonomic Multi-
Hop Wireless Networks for Transmitting 
Mission-Critical Applications," IEEE J. 
Sel. Areas Commun., vol. 28, no. 5, pp. 
728-741, June 2010.

vanderschaar-lab.com
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• Single-agent wireless communication

• Multi-agent wireless communication
• Compliant users

• Power control as a learning game
• Slotted MAC protocols – going beyond slotted CSMA/CA – learning without communication

• Strategic users
• Resource competition – mechanism design + multi-agent reinforcement learning

• Beyond wireless communications: social networks, content caching etc.

vanderschaar-lab.com

Wireless communications as an ML problem



J. Xu, Y. Andreopoulos, Y. Xiao and M. van der Schaar, "Non-stationary Resource Allocation Policies for 
Delay-constrained Video Streaming: Application to Video over Internet-of-Things-enabled 
Networks," J. Sel. Areas in Commun., Apr. 2014.

Internet of  Things: 
Communication among smart devices

vanderschaar-lab.com



Incentivizing distributed online exchanges:
Fiat money – a first theory

vanderschaar-lab.com

M. van der Schaar, J. Xu and W. Zame, "Efficient Online Exchange via Fiat Money," in Economic 
Theory, vol. 54, no. 2, pp. 211-248, Oct. 2013



Multi-hop networks
J. Xu and M. van der Schaar, "Token System Design for Autonomic Wireless Relay Networks," 
in IEEE Trans. on Commun., July 2013

Interference management
C. Shen, J. Xu and M. van der Schaar, "Silence is Gold: Strategic Interference Mitigation Using 
Tokens in Heterogeneous Small Cell Networks," IEEE J. Sel. Areas Commun., June 2015

Device-to-Device Communication
N. Mastronarde, V. Patel, J. Xu, L. Liu, and M. van der Schaar , "To Relay or Not to Relay: Learning Device-
to-Device Relaying Strategies in Cellular Networks,"IEEE Transactions on Mobile Computing, June 2016.

Fiat-Money: Applications in wireless networks
Reinforcement learning to learn how to trade tokens

vanderschaar-lab.com



S. Li, J. Xu, M. van der Schaar, and W. Li, "Trend-Aware Video Caching through Online Learning, " IEEE 
Transactions on Multimedia, 2016.

S. Muller, O. Atan, M. van der Schaar and A. Klein, "Context-Aware Proactive Content Caching With Service 
Differentiation in Wireless Networks," in IEEE Transactions on Wireless Communications, Feb. 2017.

Context-Aware Caching –
a contextual learning approach

vanderschaar-lab.com



J. Xu, M. van der Schaar, J. Liu and H. Li, "Forecasting Popularity of  Videos using Social Media," IEEE 
Journal of  Selected Topics in Signal Processing (JSTSP), Nov. 2014.

Forecasting popularity in networks –
a contextual learning approach
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A. Alaa, K. Ahuja, and M. van der Schaar, "A Micro-foundation of  Social Capital in Evolving Social 
Networks," IEEE Transactions on Network Science and Engineering, 2017.

S. Zhang and M. van der Schaar, "From Acquaintances to Friends: Homophily and Learning in 
Networks," the 2017 JSAC Game Theory for Networks special issue., 2017

Network science: Learning in social networks

vanderschaar-lab.com
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• Single-agent wireless communication

• Multi-agent wireless communication

• Beyond wireless communications: social networks, content caching etc.

vanderschaar-lab.com

Wireless communications as an ML problem

• The journey continued
www.vanderschaar-lab.com/publications/communications-and-networks
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Example Applications

For the remainder of this tutorial, we will focus on the applications of
online learning, in particular multi-armed bandits, in wireless
communications.

These examples demonstrate a “coupled” relationship between online
learning and wireless comm.

I Advances in MAB can directly impact the algorithm and protocol
design of wireless

I Unique challenges in wireless also provide new and meaningful
challenges for MAB research
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New design tools

New applications 

and problems
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communications.

These examples demonstrate a “coupled” relationship between online
learning and wireless comm.

I Advances in MAB can directly impact the algorithm and protocol
design of wireless

I Unique challenges in wireless also provide new and meaningful
challenges for MAB research
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Example Applications

We will focus on two wireless applications, to demonstrate the intimate
relationship between MAB and wireless comm.

Spectrum Engineering.

Mobility Management.
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Application: Opportunistic Spectrum Access (OSA)

Opportunistic Spectrum Access (OSA): dynamically probe and access
channels that are not used

* Image credit: Wikipedia & D. Cabric’s PhD thesis
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OSA

Spectrum occupation varies in 

time/frequency [Valenta et al 2010]

Each time frame, the transmitter dynamically identifies a free channel to
use by channel sensing/probing

Sequentially probe the channels until finding a 

free channel
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MAB for OSA

Standard MAB is a natural tool for OSA...

MAB OSA

arms channels

pull an arm measure the channel

rewards
channel quality

(e.g., SINR, throughput)

regret minimization
maximizing long-term

system utility

best arm identification
selecting channel with

highest quality
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MAB for OSA

... But standard MAB is far from perfect for OSA. We show two examples.

Good arm identification (GAI), instead of best arm identification
(BAI), for OSA [1]

Federated multi-armed bandits (FMAB) to solve the network listen
problem [2][3]

[1] Z. Wang, Z. Ying, CS, “Opportunistic Spectrum Access via Good Arm Identification,” IEEE
GlobalSIP 2018, Nov. 2018
[2] C. Shi, CS, “Federated Multi-armed Bandits,” The 35th AAAI Conference on Artificial
Intelligence (AAAI), Feb. 2021
[3] C. Shi, CS, J. Yang, “Federated Multi-armed Bandits with Personalization,” The 24rd
International Conference on Artificial Intelligence and Statistics (AISTATS), Apr. 2021
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MAB for wireless network optimization

Mobility Management
I Relationship of 3GPP mobility protocol and MAB [4]
I Cascading-bandit to construct efficient Neighbor Cell List (NCL) for

mobility management [5,6]

[4] CS, M. van der Schaar, “A Learning Approach to Frequent Handover Mitigations in 3GPP
Mobility Protocols,” IEEE WCNC, March 2017.
[5] R. Zhou, C. Gan, J. Yang, CS, “Cost-aware Cascading Bandits,” in Proceedings of the
Twenty-Seventh International Joint Conference on Artificial Intelligence (IJCAI-18), July 2018
[6] C. Wang, R. Zhou, J. Yang, CS, “A Cascading Bandit Approach to Efficient Mobility
Management in Ultra-Dense Networks,” IEEE International Workshop on Machine Learning for
Signal Processing (MLSP), Oct. 2019
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Good arm identification for OSA
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Arm selection for OSA

BAI can be directly applied to OSA, but ...

Even optimal algorithms can have slow convergence, when the game
is hard (suboptimal arms are very close to the best arm)

Is it really necessary to spend resources distinguishing the best
channel and the next best channel that is 99%?

For OSA, the goal should be to find a good-enough channel efficiently
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Notations

A set of candidate radio channels K = {1, 2, ..,K}
Channel quality feedback ri (t),∀i ∈ K

I ri (t) is random variable with mean µi = E[ri (t)]
I Examples include SINR, capacity, etc

Minimum acceptable performance threshold for the user: τ
- e.g., minimum rate requirement for a given QoS class

Output a channel Ω(T ) and make sure it is “good enough”
µΩ(T ) ≥ τ with high confidence
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The Bandit Model

arms: K = {1, 2, ..,K};
action: Choosing a channel I (t) ∈ K to sense;

reward: Channel quality feedback rI (t)(t);

goal: Minimize error probability eT = P(µΩ(T ) < τ).

May 23, 2021 4 / 7



Good Channel Identification Algorithm (GCI)

Figure: GCI algorithm

Construct confidence intervals
Ui (t) = µ̂i (t) + αi (t),
Li (t) = µ̂i (t)− αi (t)

lt - minimum upper bound of
the gap compared to the
empirically optimal channel
ut - the estimated optimal
channel other than lt

Select the most uncertain
channel between lt and ut
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Error probability of GCI

Theorem

With Ĥ1(t) =
∑K

i=1
1

(µ̂∗(t)−τ)21µ̂i (t)≥τ + 4
(µ̂∗(t)+τ−2µ̂i (t))21µ̂i (t)<τ and

αi (t) =
√

T−K
4Ĥ1(t)Ti (t)

, the error probability eT of Algorithm 1 satisfies:

eT = P(µΩ(T ) < τ) = P(µ1 − µΩ(T ) > µ1 − τ)

≤ 2KT exp

(
−T − K

2H1

)
,

where H1 =
K∑
i=1

1

max(
δi+∆1

2
,∆1)2

and ∆1 = µ1 − τ .

Exponentially decreasing with T , faster compare with Best Arm
Identification due to the smaller hardness quantity H1
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Simulation
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Figure: Error probability when τ = 6.5
and τ = 3.

Users arrive randomly ∼
homogenous Poisson Point
Process (PPP) with density λi

Users are uniformly distributed
on all channels

Interference are computed based
on pathloss model

Feedback: ri (t) =

log

(
1 + P

N0+
∑

k∈Ni (t) P
k
r

)
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Federated Multi-armed Bandits



Motivating Wireless Application

• Cognitive radio (CR) and dynamic spectrum access is 
often used as a motivating example for MAB research
– BS wants to use the statistically “best” channel for communication
– A good match to (stochastic) MAB problems

Channel
1 2 𝐾…

…

Availability

3



Network View

Coverage Area

Base Station

Channel
1 2 𝐾…

…

Global (Average)
Availability

3

ferred as “global arms”) of �-subgaussian reward distribu-
tions with mean reward µk for arm k. The true rewards for
this system are generated on this global model, thus the
learning objective is on the global arms. However, the server
cannot directly observe rewards on the global model; she can
only interact with clients who feed back information of their
local observations. We consider the general non-IID situa-
tion where the local models are not necessarily the same as
the global model, and also make the common assumption
that clients and the server are fully synchronized (McMahan
et al. 2017; Bonawitz et al. 2019).

Communication cost. Although clients cannot commu-
nicate with each other, after certain time, they can transmit
local “model updates” based on their local observations to
the server, which aggregates these updates to have a more
accurate estimation of the global model. The new estima-
tion is then sent back to the clients to replace the previous
estimation for future actions. However, just like in FL, the
communication resource is a major bottleneck and the algo-
rithm has to be conscious about its usage. We incorporate
this constraint in FMAB by imposing a loss C every time a
client communicates to the server, which will be accounted
for in the performance measure defined below.

2.1 The Approximate Model

Although the non-IID property of local models is an impor-
tant feature of FMAB, there must exist some relationship
between local and global models so that observations on lo-
cal bandit models help the server learn the global model.
Here, we propose the approximate FMAB model, where the
global model is a fixed (but hidden) ground truth (i.e., ex-
ogenously generated regardless of the participating clients),
and the local models are IID random realizations of it.

Specifically, the global arm k has a fixed mean reward of
µk. For client m, the mean reward µk,m of her local arm k is
a sample from an unknown distribution �k, which is a �c-
subgaussian distribution with mean µk. For a di↵erent client
n , m, µk,n is sampled IID from �k. Since local models are
stochastic realizations of the global model, a finite collec-
tion of the former may not necessarily represent the latter.
In other words, if there are M involving clients, although
8m 2 [M],E[µk,m] = µk, the averaged local model µ̂M

k ⌘
1
M
PM

m=1 µk,m may not be consistent with the global model.
Specifically, µ̂M

k is not necessarily equal (or even close) to
µk, which introduces significant di�culties. Intuitively, the
server needs to sample su�ciently many clients to have a
statistically accurate estimation of the global model, but as
we show later, the required number of clients cannot be ob-
tained a priori without the suboptimality gap knowledge.
The need of client sampling also coincides with the prop-
erty of massively distributed clients in FL.

Motivation Example. The approximate model captures
the key characteristics of a practical cognitive radio system,
as illustrated in Fig. 1(a). Assume a total of K candidate
channels, indexed by {1, ...,K}. Each channel’s availability
is location-dependent, with pk(x) denoting the probability
that channel k is available at location x. The goal of the base
station is to choose one channel out of K candidates to serve

all potential cellular users (e.g., control channel) in the given
coverage areaD with area D. Assuming users are uniformly
randomly distributed overD, the global channel availability
is measured throughout the entire coverage area as

pk = Ex⇠u(D)
⇥
pk(x)

⇤
=

 

D

1
D

pk(x)dx. (3)

It is well known in wireless research that a base station can-
not directly sample pk by itself, because it is fixed at one
location1. In addition, Eqn. (3) requires a continuous sam-
pling throughout the coverage area, which is not possible
in practice. Realistically, the base station can only direct
cellular user m at discrete location xm to estimate pk(xm),
and then aggregate observations from finite number of users
as p̂k =

1
M
PM

m=1 pk(xm) to approximate pk. Clearly, even if
pk(xm) are perfect, p̂k may not necessarily represent pk well.

Regret definition. Without loss of generality, we assume
there is only one optimal global arm k⇤ with µ⇤ ⌘ µk⇤ =
maxk2[K] µk, and � = µ⇤ � maxk,k⇤ {µk} denotes the subop-
timality gap of the global model (both unknown to the al-
gorithm). We further denote �1, · · · , �Tc as the time slots
when the clients communicate with the central server for
both upload and download. The notion of (pseudo-)regret in
Eqn. (1) for the single-player model can be generalized to all
the clients with additional communication loss, as follows:

R(T ) = E
" TX

t=1

MtXk⇤ (t) �
TX

t=1

MtX

m=1

X⇡m(t)(t)

|                                 {z                                 }
exploration and exploitation

+

TcX

⌧=1

CM�⌧
|     {z     }

communication

#
,

(4)
where ⇡m(t) is the arm chosen by client m at time t. In this
work, we aim at designing algorithms with O(log(T )) regret
as in the single-player setting.

Several comments are in place for Eqn. (4). First, the re-
ward oracle is defined with respect to the single global opti-
mal arm but not the distinct local optimal arms. This choice
is analogous to that the reward oracle of the pseudo-regret
in the single-player MAB model is defined with respect to
one optimal arm throughout the horizon but not the arms
with the highest reward at every time slot (Bubeck and Cesa-
Bianchi 2012). Second, the cumulative reward of the system
is defined on the global model, because clients only receive
observations from playing the local bandit game, and the
reward is generated at the system-level global model. Tak-
ing the cognitive radio system as an example, the choice
by each client only produces her observation of the chan-
nel availability, but the reward is generated by the base sta-
tion when this channel is used for the entire coverage area.
Lastly, regret definition in Eqn. (4) discourages the algo-
rithm to involve too many clients. Ideally, only su�ciently
many clients should be admitted to accurately reconstruct
the global model, and any more clients would result in more
communication loss without improving the model learning.

1The best it can do by itself is to estimate pk(xBS) where xBS
is the location of the base station, possibly through the Network
Listen Mode (3GPP 2020).

• BS wants to use a single “best” channel for the entire area
• Ground truth: a channel’s global availability is the average 

over the intended coverage area 



Network View

• Challenges for BS to select a globally optimal channel
– Fixed location: network listen mode cannot solve the problem
– Requires continuous sampling of the coverage area 
– Learning cost must be controlled (convergence speed)

• Solution: leverage UEs 
that are randomly 
distributed in the 
coverage area to 
sample 𝑝! 𝑥 at
– Location 𝑥
– Channel 𝑘



Federated Bandits

• Key observations
– Server (BS) wants to learn the global model, but lacks direct access
– Client (UE) can play the (local) bandit game, but only has local 

observation that is a (noisy) part of the overall picture 
– Heterogeneous local models for clients
– No one can solve the problem by itself; coordination between server 

and clients becomes crucial (just like FL)
• Challenges

– Discrete sampling to approach the continuous ground-truth
– Often there are misaligned objectives between local bandit model 

and global bandit model (see previous figure)
• The general principles of FL still apply, but the underlying 

model is a bandit one, leading to Federated MAB



General FMAB Framework

• How do we model the global-local relationship?
• Our first attempt views the local models as random 

variables, which are drawn IID from a latent global 
distribution

• This leads to a difficult approximate model

• Consider a global MAB model with 𝐾 arms
• Arm 𝑘 has mean reward 𝜇!, for 𝑘 = 1,⋯ ,𝐾

Channel
1 2 𝐾…

…

Global channel 
availability

3

𝜇!



Sample local models

Generating Approximate Model

• Global model is a fixed ground truth, but is unknown
• Each local model is a random “sampling” of this unknown 

global model, based on a latent distribution
– 𝜇!,# is an IID sample from the latent distribution with mean 𝜇!

Channel
1 2 𝐾…

…

Global channel 
availability

3

𝜇!

Client 1
Channel
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Client 2
Channel
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Solving the Approximate Model

• Challenge 1: average local models ≠ global model
– Assuming perfect knowledge of local models, we have an average 

local model of 

𝜇̂! =
1
𝑀
-
&'(

)

𝜇!,&

– Such %𝜇! is not the same as the true 𝜇!
– Relax: the optimal arms in both models may not be the same

𝑘∗ = argmax 𝜇!
𝑘∗, = argmax 𝜇̂!

• How to ensure the optimal arms are the same?
– Natural idea: involving more clients, i.e., increase M

𝑘∗⇔
?
𝑘∗,



Solving the Approximate Model

• Question: how many clients (𝑀) are needed?
– Under-sampling: cannot guarantee matching optimal arms
– Over-sampling: unnecessarily high communication cost
– Need sufficient-but-not-excessive amount of clients

• Concentration inequalities tell us the exact order:

where ∆ is the suboptimality gap
– But we do not know ∆

• Challenge 2: balancing costly communication and 
necessary server-clients coordination
– This is similar to FL where communication load should be carefully 

controlled

𝑀. = Θ ∆/0 log 𝐾𝑇



Key Ideas

• Periodic communication, with period determined by the 
regret analysis to control its impact

• Gradually increase the number of clients after each 
communication round
– Learning the suboptimality gap ∆ along the way
– Ensures sufficient-but-not-excessive amount of clients

• Simultaneously handle client sampling and arm 
sampling, by developing a “double UCB” technique



The Fed2-UCB Algorithm

Client Server
Client sampling: admit 𝑔(𝑝) new 
clients into the game 

Phase 𝑝

Phase 𝑝 + 1

Arm sampling: pull each active arm 
in the active arm set 𝑓(𝑝) times

Upload COMM: send updated arm 
statistics to server

Upload COMM: receive updated arm 
statistics from clients

Arm elimination: apply double UCB
to eliminate sub-optimal arms

Download COMM: receive updated 
active arm set from server

Download COMM: send updated 
active arm set to clients



The Double UCB Principle

• Confidence bound at phase 𝑝:

• Regret analysis:

Algorithm Design: Double UCB

Confidence bound at phase p:

Bp,2 =
q
6�2⌘p log(T )

| {z }
arm sampling

+
q
6�2

c log(T )/M(p)
| {z }

client sampling

where ⌘p = 1
M(p)2

Pp
q=1

g(q)
F (p)�F (q�1) , M(p) =

Pp
q=1 g(p) and

F (p) =
Pp

q=1 f (q).

Chengshuai Shi Federated MAB March 14, 2021 14 / 35

Regret Analysis

Theorem 1

With f (p) = , which is a constant, and g(p) = 2p, the asymptotic regret

of Fed2-UCB algorithm is

R(T ) = O

0

@
X

k 6=k⇤

 log(T )

µ⇤ � µk
+ C

log(T )

�2

1

A .

Fed2-UCB achieves an order-optimal regret.

Chengshuai Shi Federated MAB March 14, 2021 15 / 35

Fed2-UCB achieves an order-optimal regret for 
the approximate model



From Approximate to Exact Models

• A simplified version is the exact model: global model is 
equal to the exact average of local models
– Fixed number of clients

• Fed2-UCB degenerates to Fed1-UCB
– No client sampling issues; a much easier problem
– Only consider uncertainty from arm sampling

Fed1-UCB: The Exact Model

Exact model:

Fixed number of clients;

Global model = exact average of local models.

Fed1-UCB:

Degenerate from Fed2-UCB;

No uncertainty from client sampling;

Only consider uncertainty from arm sampling Bp,1 =
q

6�2 log(T )
MF (p) .

Chengshuai Shi Federated MAB March 14, 2021 16 / 35



Equivalence of 3GPP Mobility Protocol 
and MAB, and Cascading-bandit-based 

Mobility Design



Mobility

• Determines whether UE needs to switch serving BS, and if 
so which BS

• A long line of literature…
– Game Theory
– Optimization Theory

• Problem:
– Myopic (or short-term) view of mobility
– Assume known deployment information and static system 

dynamics



Contributions
• Switch the view of mobility from one-shot to long-term
• Two main contributions:
1. Establish an equivalence between 3GPP mobility

protocols and bandit learning algorithms
– Original protocol = ε-greedy bandit algorithm
– Hence we can leverage the theoretical results of MAB to analyze

the performance of 3GPP protocol
2. Inspired by this equivalence, we propose a learning-

based approach to address FHO
– Take into account handover cost, which forces the protocol to

“slow down” handover rate



System Model

• N SBSs
• M UEs
• Indoor UDN scenario
• Open access
• Consider static or slow-moving 

UEs

SBS 1

SBS 2

SBS 3

SBS 6

SBS 5

SBS 4

Serving
Cell

Candidate
Cells

UE 1

UE 2
UE 3

UE 4
UE 5



Handover Protocol

• Main Issue: FHO between multiple SBSs
– 3GPP handover is mostly based on RF

– Enhancement: using CRE to bias UE towards SBS
– Such principle is myopic in nature, and may lead to FHO problems



Statistical Modeling

• Mobility: lack of accurate information
– Had the UE known which SBS is the best in the near future, it 

would have selected this SBS and stay on it
• Modeling：

– Performance of interest for a SBS following some statistical 
distribution

– Each "use" of the SBS is a sampling from this distribution
• UE is trying to get good "performance" while also "learn" 

the information of the N SBSs
– Fast convergence is another important criterion



Statistical Bandit

• Each SBS = an arm in bandit
• UE's performance = reward distribution
• UE is handed over to an SBS = sample the reward 

distribution of the corresponding arm

• Tradeoff between exploitation and exploration
– UE is already on a "decent" SBS -> take advantage
– Other SBS may be even better (long-term) -> user association 

decision



Stochastic MAB and 3GPP Mobility

• Stochastic MAB algorithms：
– greedy,ε-greedy
– Softmax (Boltzmann Exploration)
– UCB series

• A natural idea: apply these methods to mobility…

• …3GPP actually already does so, unconsciously



Stochastic MAB and 3GPP Mobility

• Result 1：ε-greedy algorithm = 3GPP protocol



Stochastic MAB and 3GPP Mobility

• Result 1：ε-greedy algorithm = 3GPP protocol

• Importance of this result：
– MAB theory has rigorous theoretical proof of the sub-optimality 

and non-convergence of ε-greedy
– The equivalence can leverage such theoretical results to 

explain the problem of current 3GPP protocol

ε-greedy 3GPP
Initial prob. of each arm UE RF measurement
ε-based prob. selec. of arm Random RF variation s.t. serving cell’s RSRP1 

drops below th (A2), or RSRP2-RSRP1>th (A3)
Random reward Throughput or other QoS/QoE



How to Improve？

• Idea 1：Resort to better stochastic MAB alg.
– UCB

• Idea 2：To deal with FHO, the alg. needs to explicitly 
punish switching
– Stochastic MAB + switching cost
– New alg. introduces blocking, and the size of block increases over 

time
– Intuitively, these ideas have been used in current FHO solutions in 

3GPP, but there are important design differences



Understanding Existing FHO Solutions

• Heuristic algorithm
– Identification：declare FHO if an UE switches more than Y times 

over the past X minutes
– Solution: adjust the UE handover parameters so that it is harder to 

switch (3GPP sticky biasing solution)
• This solution is very similar to the MAB-based method

– Frequent switching at the beginning
– Then slow down, until convergence

• MAB alg. with switching cost can be rigorously analyzed in 
theory



Simulations
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A Cascading Bandit Approach to 
Efficient Mobility Management



Introduction

• Dense deployment of low-power base stations (BS) is considered as the 
key solution to the dramatic growth of traffic demand in cellular networks.

• A bottleneck limits the performance of ultra-dense networks (UDN): 
user association and mobility management

Macro BS 1

Small BS 3

Small BS 5

Small BS 6

Small BS 7

Small BS 4

Small BS 2
Serving BS

Moving UE1

Challenges:
• Each user equipment (UE) has the 

possibility to connect to many BSs 

• Channel state between each UE-BS 
pair is time-varying and even 
unpredictable. 

• A small physical movement may lead 
to abrupt channel condition changes. 



Existing Approaches

• 3GPP: UE measures all candidate BSs and hands over to the best BS
• Myopic, causes issues such as frequent handover and Ping-Pong

• Optimization-based: given various UE and BS information, maximize 
certain system utility 
• It relies on accurate system information, such as the channel 

statistics and utility function, which may not be practical
• System dynamics can quickly render the solution sub-optimal, which 

requires to run the optimization frequently

• Our approach: cost-award cascading bandits based online learning
• Learn system statistics based on historical measurements
• Adjust decisions on-the-fly
• Balance exploration-exploitation tradeoff to achieve low performance 

loss during learning



Classical Cascading Bandit Model [Kveton et al., 
2015]

Set of items (arms): [K] = {1, 2, ...,K}
<latexit sha1_base64="XYQasgC1mRHdA797+D6SvsVLzkk=">AAAB+nicbVDJSgNBEK2JW4zbRC+Cl8EgeAjDdC7mIgS8CLlEMAtMhtDT6Uma9Cx09yhxzKd48aCIV7/Em+DH2FkOmvig4PFeFVX1/IQzqRzny8itrW9sbuW3Czu7e/sHZvGwJeNUENokMY9Fx8eSchbRpmKK004iKA59Ttv+6Grqt++okCyObtU4oV6IBxELGMFKSz2z6Na9y26GypWybdvlenfSM0uO7cxgrRK0IKXa8cM3aDR65me3H5M0pJEiHEvpIidRXoaFYoTTSaGbSppgMsID6moa4ZBKL5udPrHOtNK3gljoipQ1U39PZDiUchz6ujPEaiiXvan4n+emKqh6GYuSVNGIzBcFKbdUbE1zsPpMUKL4WBNMBNO3WmSIBSZKp1XQIaDll1dJq2Ijx0Y3qFSrwhx5OIFTOAcEF1CDa2hAEwjcwxO8wKvxaDwbb8b7vDVnLGaO4A+Mjx90FZOi</latexit><latexit sha1_base64="akk47V0fTu3dgofFZRPpchbDsFg=">AAAB+nicbVC7SgNBFJ2NryS+NtoINoNBsAjLThrTCEEbIU0E84DdJcxOJsmQ2Qczs0pcA/6IjYUiduKX2Al+jJNHoYkHLhzOuZd77/FjzqSy7S8js7K6tr6RzeU3t7Z3ds3CXlNGiSC0QSIeibaPJeUspA3FFKftWFAc+Jy2/OHFxG/dUCFZFF6rUUy9APdD1mMEKy11zIJT887cFJXKJcuySjV33DGLtmVPAZcJmpNi9eDuO/fwfl7vmJ9uNyJJQENFOJbSQXasvBQLxQin47ybSBpjMsR96mga4oBKL52ePobHWunCXiR0hQpO1d8TKQ6kHAW+7gywGshFbyL+5zmJ6lW8lIVxomhIZot6CYcqgpMcYJcJShQfaYKJYPpWSAZYYKJ0WnkdAlp8eZk0yxayLXSFitUKmCELDsEROAEInIIquAR10AAE3IJH8AxejHvjyXg13matGWM+sw/+wPj4AXGBlR8=</latexit><latexit sha1_base64="akk47V0fTu3dgofFZRPpchbDsFg=">AAAB+nicbVC7SgNBFJ2NryS+NtoINoNBsAjLThrTCEEbIU0E84DdJcxOJsmQ2Qczs0pcA/6IjYUiduKX2Al+jJNHoYkHLhzOuZd77/FjzqSy7S8js7K6tr6RzeU3t7Z3ds3CXlNGiSC0QSIeibaPJeUspA3FFKftWFAc+Jy2/OHFxG/dUCFZFF6rUUy9APdD1mMEKy11zIJT887cFJXKJcuySjV33DGLtmVPAZcJmpNi9eDuO/fwfl7vmJ9uNyJJQENFOJbSQXasvBQLxQin47ybSBpjMsR96mga4oBKL52ePobHWunCXiR0hQpO1d8TKQ6kHAW+7gywGshFbyL+5zmJ6lW8lIVxomhIZot6CYcqgpMcYJcJShQfaYKJYPpWSAZYYKJ0WnkdAlp8eZk0yxayLXSFitUKmCELDsEROAEInIIquAR10AAE3IJH8AxejHvjyXg13matGWM+sw/+wPj4AXGBlR8=</latexit><latexit sha1_base64="fQh2Ba8hz2d+PSWWCPpcZTDlOZI=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyChxKyvdiLUPAi9FLBtkISyma7aZduNmF3o5TYn+LFgyJe/SXe/Ddu2xy09cHA470ZZuaFKWdKu+63VdrY3NreKe9W9vYPDo/s6nFPJZkktEsSnsj7ECvKmaBdzTSn96mkOA457YeT67nff6BSsUTc6WlKgxiPBIsYwdpIA7vqtYMrP0f1Rt1xnHrbnw3smuu4C8B1ggpSAwU6A/vLHyYki6nQhGOlPOSmOsix1IxwOqv4maIpJhM8op6hAsdUBfni9Bk8N8oQRok0JTRcqL8nchwrNY1D0xljPVar3lz8z/MyHTWDnIk001SQ5aIo41AncJ4DHDJJieZTQzCRzNwKyRhLTLRJq2JCQKsvr5New0Gug25RrdUs4iiDU3AGLgACl6AFbkAHdAEBj+AZvII368l6sd6tj2VrySpmTsAfWJ8/Lw+R9A==</latexit>

µi
<latexit sha1_base64="RaK6Fj0vPiCNqWInYoUZzZ70hqw=">AAAB7HicbVA9SwNBEJ2LXzF+RVPaLIaAVbizMWXAxjKClwSSI+xt9pIlu3vHfgjhSGdvY6GIrT/Izs6f4uaj0MQHA4/3ZpiZF2ecaeP7X15ha3tnd6+4Xzo4PDo+KZ+etXVqFaEhSXmqujHWlDNJQ8MMp91MUSxiTjvx5Gbudx6o0iyV92aa0UjgkWQJI9g4KewLO2CDctWv+wugTRKsSLVZqT1+A0BrUP7sD1NiBZWGcKx1L/AzE+VYGUY4nZX6VtMMkwke0Z6jEguqo3xx7AzVnDJESapcSYMW6u+JHAutpyJ2nQKbsV735uJ/Xs+apBHlTGbWUEmWixLLkUnR/HM0ZIoSw6eOYKKYuxWRMVaYGJdPyYUQrL+8SdpX9cCvB3cujQYsUYRzuIBLCOAamnALLQiBAIMneIFXT3rP3pv3vmwteKuZCvyB9/EDVsyQgA==</latexit><latexit sha1_base64="MvTpJ8/gEg0ZjcAxuTpwvUQhHR4=">AAAB7HicbVC7SgNBFL0bXzG+oiltBkPAKuzamDJgYxnBTQLJEmYns8mQmdllZjYQlnT2NhaK2PopfoCdfoBf4Ac4eRSaeODC4Zx7ufeeMOFMG9f9cHIbm1vbO/ndwt7+weFR8fikqeNUEeqTmMeqHWJNOZPUN8xw2k4UxSLktBWOrmZ+a0yVZrG8NZOEBgIPJIsYwcZKflekPdYrlt2qOwdaJ96SlOulyt3329dno1d87/ZjkgoqDeFY647nJibIsDKMcDotdFNNE0xGeEA7lkosqA6y+bFTVLFKH0WxsiUNmqu/JzIstJ6I0HYKbIZ61ZuJ/3md1ES1IGMySQ2VZLEoSjkyMZp9jvpMUWL4xBJMFLO3IjLEChNj8ynYELzVl9dJ86LquVXvxqZRgwXycApncA4eXEIdrqEBPhBgcA+P8ORI58F5dl4WrTlnOVOCP3BefwDQyZMa</latexit><latexit sha1_base64="MvTpJ8/gEg0ZjcAxuTpwvUQhHR4=">AAAB7HicbVC7SgNBFL0bXzG+oiltBkPAKuzamDJgYxnBTQLJEmYns8mQmdllZjYQlnT2NhaK2PopfoCdfoBf4Ac4eRSaeODC4Zx7ufeeMOFMG9f9cHIbm1vbO/ndwt7+weFR8fikqeNUEeqTmMeqHWJNOZPUN8xw2k4UxSLktBWOrmZ+a0yVZrG8NZOEBgIPJIsYwcZKflekPdYrlt2qOwdaJ96SlOulyt3329dno1d87/ZjkgoqDeFY647nJibIsDKMcDotdFNNE0xGeEA7lkosqA6y+bFTVLFKH0WxsiUNmqu/JzIstJ6I0HYKbIZ61ZuJ/3md1ES1IGMySQ2VZLEoSjkyMZp9jvpMUWL4xBJMFLO3IjLEChNj8ynYELzVl9dJ86LquVXvxqZRgwXycApncA4eXEIdrqEBPhBgcA+P8ORI58F5dl4WrTlnOVOCP3BefwDQyZMa</latexit><latexit sha1_base64="I+r5aXXhkLA1MCZ4RzhLcavzb0E=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmIzGxInc2UpLYWGLiAQlcyN4yBxt29y67eyaE8BtsLDTG1h9k579xgSsUfMkkL+/NZGZenAlurO9/e6Wt7Z3dvfJ+5eDw6PikenrWNmmuGYYsFanuxtSg4ApDy63AbqaRylhgJ57cLfzOE2rDU/VopxlGko4UTzij1klhX+YDPqjW/Lq/BNkkQUFqUKA1qH71hynLJSrLBDWmF/iZjWZUW84Eziv93GBG2YSOsOeoohJNNFseOydXThmSJNWulCVL9ffEjEpjpjJ2nZLasVn3FuJ/Xi+3SSOacZXlFhVbLUpyQWxKFp+TIdfIrJg6Qpnm7lbCxlRTZl0+FRdCsP7yJmnf1AO/Hjz4tWajiKMMF3AJ1xDALTThHloQAgMOz/AKb57yXrx372PVWvKKmXP4A+/zB9T4jqQ=</latexit>

Each item will be clicked with unknown probability  

Learner’s objective: recommend a list of items each time to
maximize the click-through rate + learn all arm stats



Classical Cascading Bandit Model [Kveton et al., 
2015]

Recommend list: 
L out K items

<latexit sha1_base64="GMW6zyjyxITExH7GoEDFdfLTDwE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WWwETyXpxR4LXgQ9VLAf0Iay2W7apZtN2J0oJfanePGgiFd/iTf/jds2B219MPB4b4aZeUEiuAbX/bYKG5tb2zvF3dLe/sHhkV0+bus4VZS1aCxi1Q2IZoJL1gIOgnUTxUgUCNYJJldzv/PAlOaxvIdpwvyIjCQPOSVgpIFddm4dHKeAnRsHc2CRHtgVt+ougNeJl5MKytEc2F/9YUzTiEmggmjd89wE/Iwo4FSwWamfapYQOiEj1jNUkohpP1ucPsPnRhniMFamJOCF+nsiI5HW0ygwnRGBsV715uJ/Xi+FsO5nXCYpMEmXi8JUYIjxPAc85IpREFNDCFXc3IrpmChCwaRVMiF4qy+vk3at6rlV765WadTzOIroFJ2hC+ShS9RA16iJWoiiR/SMXtGb9WS9WO/Wx7K1YOUzJ+gPrM8frP+SSg==</latexit><latexit sha1_base64="GMW6zyjyxITExH7GoEDFdfLTDwE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WWwETyXpxR4LXgQ9VLAf0Iay2W7apZtN2J0oJfanePGgiFd/iTf/jds2B219MPB4b4aZeUEiuAbX/bYKG5tb2zvF3dLe/sHhkV0+bus4VZS1aCxi1Q2IZoJL1gIOgnUTxUgUCNYJJldzv/PAlOaxvIdpwvyIjCQPOSVgpIFddm4dHKeAnRsHc2CRHtgVt+ougNeJl5MKytEc2F/9YUzTiEmggmjd89wE/Iwo4FSwWamfapYQOiEj1jNUkohpP1ucPsPnRhniMFamJOCF+nsiI5HW0ygwnRGBsV715uJ/Xi+FsO5nXCYpMEmXi8JUYIjxPAc85IpREFNDCFXc3IrpmChCwaRVMiF4qy+vk3at6rlV765WadTzOIroFJ2hC+ShS9RA16iJWoiiR/SMXtGb9WS9WO/Wx7K1YOUzJ+gPrM8frP+SSg==</latexit><latexit sha1_base64="GMW6zyjyxITExH7GoEDFdfLTDwE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WWwETyXpxR4LXgQ9VLAf0Iay2W7apZtN2J0oJfanePGgiFd/iTf/jds2B219MPB4b4aZeUEiuAbX/bYKG5tb2zvF3dLe/sHhkV0+bus4VZS1aCxi1Q2IZoJL1gIOgnUTxUgUCNYJJldzv/PAlOaxvIdpwvyIjCQPOSVgpIFddm4dHKeAnRsHc2CRHtgVt+ougNeJl5MKytEc2F/9YUzTiEmggmjd89wE/Iwo4FSwWamfapYQOiEj1jNUkohpP1ucPsPnRhniMFamJOCF+nsiI5HW0ygwnRGBsV715uJ/Xi+FsO5nXCYpMEmXi8JUYIjxPAc85IpREFNDCFXc3IrpmChCwaRVMiF4qy+vk3at6rlV765WadTzOIroFJ2hC+ShS9RA16iJWoiiR/SMXtGb9WS9WO/Wx7K1YOUzJ+gPrM8frP+SSg==</latexit><latexit sha1_base64="GMW6zyjyxITExH7GoEDFdfLTDwE=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WWwETyXpxR4LXgQ9VLAf0Iay2W7apZtN2J0oJfanePGgiFd/iTf/jds2B219MPB4b4aZeUEiuAbX/bYKG5tb2zvF3dLe/sHhkV0+bus4VZS1aCxi1Q2IZoJL1gIOgnUTxUgUCNYJJldzv/PAlOaxvIdpwvyIjCQPOSVgpIFddm4dHKeAnRsHc2CRHtgVt+ougNeJl5MKytEc2F/9YUzTiEmggmjd89wE/Iwo4FSwWamfapYQOiEj1jNUkohpP1ucPsPnRhniMFamJOCF+nsiI5HW0ygwnRGBsV715uJ/Xi+FsO5nXCYpMEmXi8JUYIjxPAc85IpREFNDCFXc3IrpmChCwaRVMiF4qy+vk3at6rlV765WadTzOIroFJ2hC+ShS9RA16iJWoiiR/SMXtGb9WS9WO/Wx7K1YOUzJ+gPrM8frP+SSg==</latexit>

Cascading Feedback:

t = 2
<latexit sha1_base64="YpjgCbGInhhaGjStM76QrnQ1ioM=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GQyCVdhNYxoxYGMZL7lAsoTZyWwyZHZ2mTkrhCWPYGOhiK0PYeVD2Pk2Ti6FJv4w8PH/5zDnnCCRwqDrfjsrq2vrG5u5rfz2zu7efuHgsGHiVDNeZ7GMdSughkuheB0FSt5KNKdRIHkzGF5N8uYD10bE6h5HCfcj2lciFIyite7wotwtFN2SOxVZBm8OxcvPj1uwqnULX51ezNKIK2SSGtP23AT9jGoUTPJxvpManlA2pH3etqhoxI2fTUcdk1Pr9EgYa/sUkqn7uyOjkTGjKLCVEcWBWcwm5n9ZO8Ww4mdCJSlyxWYfhakkGJPJ3qQnNGcoRxYo08LOStiAasrQXidvj+AtrrwMjXLJc0vejVusVmCmHBzDCZyBB+dQhWuoQR0Y9OERnuHFkc6T8+q8zUpXnHnPEfyR8/4Dja6PdA==</latexit><latexit sha1_base64="Wy4d3112Aa96frdOPCIYufxju5E=">AAAB6nicbZC7SgNBFIbPxluMt6ilIItBsAq7aUwjBmwsEzQXiEuYncwmQ2Znl5mzQlhSWtpYKGLrQ6TyIex8Bl/CyaXQxB8GPv7/HOac48eCa3ScLyuzsrq2vpHdzG1t7+zu5fcPGjpKFGV1GolItXyimeCS1ZGjYK1YMRL6gjX9wdUkb94zpXkkb3EYMy8kPckDTgka6wYvSp18wSk6U9nL4M6hcPkxrn0/HI+rnfznXTeiScgkUkG0brtOjF5KFHIq2Ch3l2gWEzogPdY2KEnItJdORx3Zp8bp2kGkzJNoT93fHSkJtR6GvqkMCfb1YjYx/8vaCQZlL+UyTpBJOvsoSISNkT3Z2+5yxSiKoQFCFTez2rRPFKForpMzR3AXV16GRqnoOkW35hQqZZgpC0dwAmfgwjlU4BqqUAcKPXiEZ3ixhPVkvVpvs9KMNe85hD+y3n8Al6mRuQ==</latexit><latexit sha1_base64="Wy4d3112Aa96frdOPCIYufxju5E=">AAAB6nicbZC7SgNBFIbPxluMt6ilIItBsAq7aUwjBmwsEzQXiEuYncwmQ2Znl5mzQlhSWtpYKGLrQ6TyIex8Bl/CyaXQxB8GPv7/HOac48eCa3ScLyuzsrq2vpHdzG1t7+zu5fcPGjpKFGV1GolItXyimeCS1ZGjYK1YMRL6gjX9wdUkb94zpXkkb3EYMy8kPckDTgka6wYvSp18wSk6U9nL4M6hcPkxrn0/HI+rnfznXTeiScgkUkG0brtOjF5KFHIq2Ch3l2gWEzogPdY2KEnItJdORx3Zp8bp2kGkzJNoT93fHSkJtR6GvqkMCfb1YjYx/8vaCQZlL+UyTpBJOvsoSISNkT3Z2+5yxSiKoQFCFTez2rRPFKForpMzR3AXV16GRqnoOkW35hQqZZgpC0dwAmfgwjlU4BqqUAcKPXiEZ3ixhPVkvVpvs9KMNe85hD+y3n8Al6mRuQ==</latexit><latexit sha1_base64="mWu6DqRflzSzXMrJajyX++m6BHQ=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmCYQsLGMaD4gOcLeZi9Zsrd37M4J4chPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0ikMOi6305ha3tnd6+4Xzo4PDo+KZ+edUycasbbLJax7gXUcCkUb6NAyXuJ5jQKJO8G09uF333i2ohYPeIs4X5Ex0qEglG00gM2asNyxa26S5BN4uWkAjlaw/LXYBSzNOIKmaTG9D03QT+jGgWTfF4apIYnlE3pmPctVTTixs+Wp87JlVVGJIy1LYVkqf6eyGhkzCwKbGdEcWLWvYX4n9dPMaz7mVBJilyx1aIwlQRjsvibjITmDOXMEsq0sLcSNqGaMrTplGwI3vrLm6RTq3pu1bt3K816HkcRLuASrsGDG2jCHbSgDQzG8Ayv8OZI58V5dz5WrQUnnzmHP3A+fwDPIY1t</latexit>

t = 3
<latexit sha1_base64="pL4JqjXj8rA/pOD/pO/B3+Z0t6o=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMKuFqYRAzaW8ZILJEuYncwmQ2Znl5mzQljyCDYWitj6EFY+hJ1v4+RSaPSHgY//P4c55wSJFAZd98vJLS2vrK7l1wsbm1vbO8XdvYaJU814ncUy1q2AGi6F4nUUKHkr0ZxGgeTNYHg5yZv3XBsRqzscJdyPaF+JUDCK1rrF89NuseSW3anIX/DmULr4eL8Bq1q3+NnpxSyNuEImqTFtz03Qz6hGwSQfFzqp4QllQ9rnbYuKRtz42XTUMTmyTo+EsbZPIZm6PzsyGhkzigJbGVEcmMVsYv6XtVMMK34mVJIiV2z2UZhKgjGZ7E16QnOGcmSBMi3srIQNqKYM7XUK9gje4sp/oXFS9tyyd+2WqhWYKQ8HcAjH4MEZVOEKalAHBn14gCd4dqTz6Lw4r7PSnDPv2Ydfct6+AY8yj3U=</latexit><latexit sha1_base64="bBKUOtoF3KqV3402uknSjd6hkCo=">AAAB6nicbZC7SgNBFIbPeo3xFrUUZDEIVmFXC9OIARvLBM0FkiXMTmaTIbOzy8xZISwpLW0sFLH1IVL5EHY+gy/h5FJo4g8DH/9/DnPO8WPBNTrOl7W0vLK6tp7ZyG5ube/s5vb2azpKFGVVGolINXyimeCSVZGjYI1YMRL6gtX9/vU4r98zpXkk73AQMy8kXckDTgka6xYvz9u5vFNwJrIXwZ1B/upjVPl+OBqV27nPVieiScgkUkG0brpOjF5KFHIq2DDbSjSLCe2TLmsalCRk2ksnow7tE+N07CBS5km0J+7vjpSEWg9C31SGBHt6Phub/2XNBIOil3IZJ8gknX4UJMLGyB7vbXe4YhTFwAChiptZbdojilA018maI7jzKy9C7azgOgW34uRLRZgqA4dwDKfgwgWU4AbKUAUKXXiEZ3ixhPVkvVpv09Ila9ZzAH9kvf8AmS2Rug==</latexit><latexit sha1_base64="bBKUOtoF3KqV3402uknSjd6hkCo=">AAAB6nicbZC7SgNBFIbPeo3xFrUUZDEIVmFXC9OIARvLBM0FkiXMTmaTIbOzy8xZISwpLW0sFLH1IVL5EHY+gy/h5FJo4g8DH/9/DnPO8WPBNTrOl7W0vLK6tp7ZyG5ube/s5vb2azpKFGVVGolINXyimeCSVZGjYI1YMRL6gtX9/vU4r98zpXkk73AQMy8kXckDTgka6xYvz9u5vFNwJrIXwZ1B/upjVPl+OBqV27nPVieiScgkUkG0brpOjF5KFHIq2DDbSjSLCe2TLmsalCRk2ksnow7tE+N07CBS5km0J+7vjpSEWg9C31SGBHt6Phub/2XNBIOil3IZJ8gknX4UJMLGyB7vbXe4YhTFwAChiptZbdojilA018maI7jzKy9C7azgOgW34uRLRZgqA4dwDKfgwgWU4AbKUAUKXXiEZ3ixhPVkvVpv09Ila9ZzAH9kvf8AmS2Rug==</latexit><latexit sha1_base64="c5PVQnLnaE61T9GJVaS87B6JW+0=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe60SBohYGMZ0XxAcoS9zV6yZG/v2J0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpBIYdB1v53CxubW9k5xt7S3f3B4VD4+aZs41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJrdzv/PEtRGxesRpwv2IjpQIBaNopQe8uR6UK27VXYCsEy8nFcjRHJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362OHVGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeimHdz4RKUuSKLReFqSQYk/nfZCg0ZyinllCmhb2VsDHVlKFNp2RD8FZfXiftq6rnVr17t9Ko53EU4QzO4RI8qEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QPQpY1u</latexit>

...
<latexit sha1_base64="+UQdyhzwPVBV3gRe4gaJM2hTMgo=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWAQrMKujekM2FhGMRdIQpidnU3GzO4sM2cDYck72FgoYusrWPkQdr6Nk0uhiT8MfPz/Ocw5x0+kMOi6305ubX1jcyu/XdjZ3ds/KB4eNYxKNeN1pqTSLZ8aLkXM6yhQ8laiOY18yZv+8HqaN0dcG6HiexwnvBvRfixCwShaq9EZBQpNr1hyy+5MZBW8BZSuPj/uwKrWK351AsXSiMfIJDWm7bkJdjOqUTDJJ4VOanhC2ZD2edtiTCNuutls2gk5s05AQqXti5HM3N8dGY2MGUe+rYwoDsxyNjX/y9ophpVuJuIkRR6z+UdhKgkqMl2dBEJzhnJsgTIt7KyEDaimDO2BCvYI3vLKq9C4KHtu2bt1S9UKzJWHEziFc/DgEqpwAzWoA4MHeIRneHGU8+S8Om/z0pyz6DmGP3LefwCFupE7</latexit><latexit sha1_base64="CUFVCH5PakRo8b504j54mpg4npY=">AAAB7XicbZC7SgNBFIbPxluMt6ilIINBsAq7NqYzYGOZgLlAEsLs7GwyZnZmmZkNhCWlvY2FIra+Qiofws5n8CWcXApN/GHg4//PYc45fsyZNq775WTW1jc2t7LbuZ3dvf2D/OFRXctEEVojkkvV9LGmnAlaM8xw2owVxZHPacMf3EzzxpAqzaS4M6OYdiLcEyxkBBtr1dvDQBrdzRfcojsTWgVvAYXrj0n1++F0UunmP9uBJElEhSEca93y3Nh0UqwMI5yOc+1E0xiTAe7RlkWBI6o76WzaMTq3ToBCqewTBs3c3x0pjrQeRb6tjLDp6+Vsav6XtRITljopE3FiqCDzj8KEIyPRdHUUMEWJ4SMLmChmZ0WkjxUmxh4oZ4/gLa+8CvXLoucWvapbKJdgriycwBlcgAdXUIZbqEANCNzDIzzDiyOdJ+fVeZuXZpxFzzH8kfP+A4+1k4A=</latexit><latexit sha1_base64="CUFVCH5PakRo8b504j54mpg4npY=">AAAB7XicbZC7SgNBFIbPxluMt6ilIINBsAq7NqYzYGOZgLlAEsLs7GwyZnZmmZkNhCWlvY2FIra+Qiofws5n8CWcXApN/GHg4//PYc45fsyZNq775WTW1jc2t7LbuZ3dvf2D/OFRXctEEVojkkvV9LGmnAlaM8xw2owVxZHPacMf3EzzxpAqzaS4M6OYdiLcEyxkBBtr1dvDQBrdzRfcojsTWgVvAYXrj0n1++F0UunmP9uBJElEhSEca93y3Nh0UqwMI5yOc+1E0xiTAe7RlkWBI6o76WzaMTq3ToBCqewTBs3c3x0pjrQeRb6tjLDp6+Vsav6XtRITljopE3FiqCDzj8KEIyPRdHUUMEWJ4SMLmChmZ0WkjxUmxh4oZ4/gLa+8CvXLoucWvapbKJdgriycwBlcgAdXUIZbqEANCNzDIzzDiyOdJ+fVeZuXZpxFzzH8kfP+A4+1k4A=</latexit><latexit sha1_base64="7ooqkh4Ifi845qM2X23wgt/ZTwY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRe7LHgxWMF+wFtKJvNpl272Q27k0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ndLW9s7uXnm/cnB4dHxSPT3rGJVpytpUCaV7ITFMcMnayFGwXqoZSULBuuHkbuF3p0wbruQjzlIWJGQkecwpQSt1BtNIoRlWa17dW8LdJH5BalCgNax+DSJFs4RJpIIY0/e9FIOcaORUsHllkBmWEjohI9a3VJKEmSBfXjt3r6wSubHStiS6S/X3RE4SY2ZJaDsTgmOz7i3E/7x+hnEjyLlMM2SSrhbFmXBRuYvX3YhrRlHMLCFUc3urS8dEE4o2oIoNwV9/eZN0buq+V/cfvFqzUcRRhgu4hGvw4RaacA8taAOFJ3iGV3hzlPPivDsfq9aSU8ycwx84nz/HLY80</latexit>



Classical Cascading Bandit Model [Kveton et al., 
2015]

Non-additive reward:
Get reward one if one of the items on the list is clicked. 

Hard constraint on the size of the list:
The rank of the items on the list does NOT affect the reward.

Soft constraint on the size of the list:
The rank of the items on the list does affect the net reward, i.e., reward 
minus cost.

Impose cost for pulling arms



Optimal Offline Policy:            are known
beforehand

Ranking the arms according to 
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“Good” arms “Bad” arms

I⇤ = {1⇤, 2⇤, . . . , L⇤}
<latexit sha1_base64="eYs5eS+41f08CSxk5ULUKUQReUw=">AAACC3icbVC7SgNBFL0bXzG+Vm0EmyFBkBDCbhrTCAEbBYsI5gHZJMxOJsmQ2Qczs0Jc0tv4KzYWitj6A3aCH+NskkITD9zL4Zx7mbnHDTmTyrK+jNTK6tr6Rnozs7W9s7tn7h/UZRAJQmsk4IFoulhSznxaU0xx2gwFxZ7LacMdXSR+444KyQL/Vo1D2vbwwGd9RrDSUtfMXnXy505sd/IFVEqaw3uBkgV03ck7k0yCrpmzitYUaJnYc5KrHN1/g0a1a346vYBEHvUV4VjKlm2Fqh1joRjhdJJxIklDTEZ4QFua+tijsh1Pb5mgE630UD8QunyFpurvjRh7Uo49V096WA3lopeI/3mtSPXL7Zj5YaSoT2YP9SOOVICSYFCPCUoUH2uCiWD6r4gMscBE6fiSEOzFk5dJvVS0raJ9o9MowwxpOIYsnIINZ1CBS6hCDQg8wBO8wKvxaDwbb8b7bDRlzHcO4Q+Mjx9ajZg8</latexit><latexit sha1_base64="OfNMQsC5FImF2V69Khf3wLqM7nA=">AAACC3icbVC7SgNBFJ2NryS+Vm0EmyFBkBDCbhrTCEEbBYsI5gHZTZidnSRDZh/MzApxCVja+CsWWihi6w/YCX6Ms0kKTTxwL4dz7mXmHidkVEjD+NJSS8srq2vpTHZ9Y3NrW9/ZbYgg4pjUccAC3nKQIIz6pC6pZKQVcoI8h5GmMzxL/OYN4YIG/rUchcT2UN+nPYqRVFJXz110CidWbHYKRVhOmsXcQIoivOwUrHE2QVfPGyVjArhIzBnJV/dvvzN3T6e1rv5puQGOPOJLzJAQbdMIpR0jLilmZJy1IkFChIeoT9qK+sgjwo4nt4zhoVJc2Au4Kl/Cifp7I0aeECPPUZMekgMx7yXif147kr2KHVM/jCTx8fShXsSgDGASDHQpJ1iykSIIc6r+CvEAcYSlii8JwZw/eZE0yiXTKJlXKo0KmCINDkAOHAETHIMqOAc1UAcY3INH8AJetQftWXvT3qejKW22swf+QPv4AVf5mbk=</latexit><latexit sha1_base64="OfNMQsC5FImF2V69Khf3wLqM7nA=">AAACC3icbVC7SgNBFJ2NryS+Vm0EmyFBkBDCbhrTCEEbBYsI5gHZTZidnSRDZh/MzApxCVja+CsWWihi6w/YCX6Ms0kKTTxwL4dz7mXmHidkVEjD+NJSS8srq2vpTHZ9Y3NrW9/ZbYgg4pjUccAC3nKQIIz6pC6pZKQVcoI8h5GmMzxL/OYN4YIG/rUchcT2UN+nPYqRVFJXz110CidWbHYKRVhOmsXcQIoivOwUrHE2QVfPGyVjArhIzBnJV/dvvzN3T6e1rv5puQGOPOJLzJAQbdMIpR0jLilmZJy1IkFChIeoT9qK+sgjwo4nt4zhoVJc2Au4Kl/Cifp7I0aeECPPUZMekgMx7yXif147kr2KHVM/jCTx8fShXsSgDGASDHQpJ1iykSIIc6r+CvEAcYSlii8JwZw/eZE0yiXTKJlXKo0KmCINDkAOHAETHIMqOAc1UAcY3INH8AJetQftWXvT3qejKW22swf+QPv4AVf5mbk=</latexit><latexit sha1_base64="zsSaf7DaO0D0F++/fa5DForRv68=">AAACC3icbVDLSsNAFJ34rPUVdelmaBGklJJ0YzdCwY2Ciwr2AU1aJpNJO3QyE2YmQgndu/FX3LhQxK0/4M6/MWmz0NYD93I4515m7vEiRpW2rG9jbX1jc2u7sFPc3ds/ODSPjjtKxBKTNhZMyJ6HFGGUk7ammpFeJAkKPUa63uQq87sPRCoq+L2eRsQN0YjTgGKkU2lolm4GlUsnsQeVKqxnzWG+0KoKbwcVZ1bMMDTLVs2aA64SOydlkKM1NL8cX+A4JFxjhpTq21ak3QRJTTEjs6ITKxIhPEEj0k8pRyFRbjK/ZQbPUsWHgZBpcQ3n6u+NBIVKTUMvnQyRHqtlLxP/8/qxDhpuQnkUa8Lx4qEgZlALmAUDfSoJ1myaEoQlTf8K8RhJhHUaXxaCvXzyKunUa7ZVs++scrORx1EAp6AEzoENLkATXIMWaAMMHsEzeAVvxpPxYrwbH4vRNSPfOQF/YHz+ABWHlo4=</latexit>

Optimal list of arms to pull:
The user stops once it observes an arm with 

Remark
• The size of the optimal list is not fixed but determined by
• The actual list of pulled arms depends on the realization of
• Ranking of the arms affects the total cost incurred during examination
• The optimal policy achieves a balanced tradeoff between reward and cost
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Xi,t = 1
<latexit sha1_base64="HQ2ERs4vFfLjzDjTwpMVyPfBFNc=">AAAB9HicbVA9SwNBEJ2LXzF+RS0sbBaDYCHhTgRthICNdhHMByRH2NvsJUv2PtydC4Qjv8PGQhFbf4ydnZW/w70khSY+GHi8N8PMPC+WQqNtf1q5peWV1bX8emFjc2t7p7i7V9dRohivsUhGqulRzaUIeQ0FSt6MFaeBJ3nDG1xnfmPIlRZReI+jmLsB7YXCF4yikdxmJxWnOL5yCgadYsku2xOQReLMSKlycPv9BQDVTvGj3Y1YEvAQmaRatxw7RjelCgWTfFxoJ5rHlA1oj7cMDWnAtZtOjh6TY6N0iR8pUyGSifp7IqWB1qPAM50Bxb6e9zLxP6+VoH/ppiKME+Qhmy7yE0kwIlkCpCsUZyhHhlCmhLmVsD5VlKHJKQvBmX95kdTPyo5ddu5MGucwRR4O4QhOwIELqMANVKEGDB7gEZ7hxRpaT9ar9TZtzVmzmX34A+v9Bz8Rkp4=</latexit><latexit sha1_base64="fu0kl05HzdVh/KwXYdrqBL+ugmc=">AAAB9HicbVC7SgNBFL0bXzG+ohYWNoNBsJCwK4I2QsBGuwjmAckSZyeTZMjsw5m7gbDkO2wsFLG19T/s/AFLv8HZJIUmHrhwOOde7r3Hi6TQaNufVmZhcWl5JbuaW1vf2NzKb+9UdRgrxisslKGqe1RzKQJeQYGS1yPFqe9JXvP6l6lfG3ClRRjc4jDirk+7gegIRtFIbr2ViGMcXTg5g1a+YBftMcg8caakUNq7/vp+z9yVW/mPZjtksc8DZJJq3XDsCN2EKhRM8lGuGWseUdanXd4wNKA+124yPnpEDo3SJp1QmQqQjNXfEwn1tR76nun0Kfb0rJeK/3mNGDvnbiKCKEYesMmiTiwJhiRNgLSF4gzl0BDKlDC3EtajijI0OaUhOLMvz5PqSdGxi86NSeMUJsjCPhzAEThwBiW4gjJUgME9PMATPFsD69F6sV4nrRlrOrMLf2C9/QDJrZPF</latexit><latexit sha1_base64="fu0kl05HzdVh/KwXYdrqBL+ugmc=">AAAB9HicbVC7SgNBFL0bXzG+ohYWNoNBsJCwK4I2QsBGuwjmAckSZyeTZMjsw5m7gbDkO2wsFLG19T/s/AFLv8HZJIUmHrhwOOde7r3Hi6TQaNufVmZhcWl5JbuaW1vf2NzKb+9UdRgrxisslKGqe1RzKQJeQYGS1yPFqe9JXvP6l6lfG3ClRRjc4jDirk+7gegIRtFIbr2ViGMcXTg5g1a+YBftMcg8caakUNq7/vp+z9yVW/mPZjtksc8DZJJq3XDsCN2EKhRM8lGuGWseUdanXd4wNKA+124yPnpEDo3SJp1QmQqQjNXfEwn1tR76nun0Kfb0rJeK/3mNGDvnbiKCKEYesMmiTiwJhiRNgLSF4gzl0BDKlDC3EtajijI0OaUhOLMvz5PqSdGxi86NSeMUJsjCPhzAEThwBiW4gjJUgME9PMATPFsD69F6sV4nrRlrOrMLf2C9/QDJrZPF</latexit><latexit sha1_base64="6N9rYjAU8Iu32KLWPjG93geXCok=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBL0IBS8eK9gPaEPZbLft0s0m7k4KJfR3ePGgiFd/jDf/jZs2B219MPB4b4aZeUEshUHX/XYKa+sbm1vF7dLO7t7+QfnwqGmiRDPeYJGMdDughkuheAMFSt6ONadhIHkrGN9lfmvCtRGResRpzP2QDpUYCEbRSn67l4oLnN16JYteueJW3TnIKvFyUoEc9V75q9uPWBJyhUxSYzqeG6OfUo2CST4rdRPDY8rGdMg7lioacuOn86Nn5MwqfTKItC2FZK7+nkhpaMw0DGxnSHFklr1M/M/rJDi48VOh4gS5YotFg0QSjEiWAOkLzRnKqSWUaWFvJWxENWVoc8pC8JZfXiXNy6rnVr0Ht1K7yuMowgmcwjl4cA01uIc6NIDBEzzDK7w5E+fFeXc+Fq0FJ585hj9wPn8AAxeQOA==</latexit>



Online Algorithm:           are unknown beforehand

Objective: maximize the cumulative expected net reward

✓i, ci
<latexit sha1_base64="v/XiW7HWFKL86GGLX1TJU5J60Uw=">AAAB+nicbVA9TwJBEJ3DL8SvQ0qbjYTEwpA7GylJbCwxkY8EyGVvWWDD3kd25zTkpPNv2FhojK2/xM7On+IeUCj4kkle3pvJzDw/lkKj43xZuY3Nre2d/G5hb//g8MguHrd0lCjGmyySker4VHMpQt5EgZJ3YsVp4Eve9idXmd++40qLKLzFacz7AR2FYigYRSN5drGHY47UE+eEeaJg4Nllp+rMQdaJuyTleqny+A0ADc/+7A0ilgQ8RCap1l3XibGfUoWCST4r9BLNY8omdMS7hoY04Lqfzk+fkYpRBmQYKVMhkrn6eyKlgdbTwDedAcWxXvUy8T+vm+Cw1k9FGCfIQ7ZYNEwkwYhkOZCBUJyhnBpCmRLmVsLGVFGGJq0sBHf15XXSuqi6TtW9MWnUYIE8nMApnIELl1CHa2hAExjcwxO8wKv1YD1bb9b7ojVnLWdK8AfWxw//JZP8</latexit><latexit sha1_base64="GzmO8Sn+FJkIBGdAmMBdpIqC6MI=">AAAB+nicbVA7TsNAEF3zDeHnkJJmRRSJAkU2DSkj0VAGiXykJLLWm3Wyynpt7Y5BkUnHNWgoQIiWM3AAOjgAJ+AArJMUkPCkkZ7em9HMPD8WXIPjfFgrq2vrG5u5rfz2zu7evl04aOooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR+eZ37pmSvNIXsE4Zr2QDCQPOCVgJM8udGHIgHj8BFOP5w08u+RUnCnwMnHnpFQrlu++374+65793u1HNAmZBCqI1h3XiaGXEgWcCjbJdxPNYkJHZMA6hkoSMt1Lp6dPcNkofRxEypQEPFV/T6Qk1Hoc+qYzJDDUi14m/ud1EgiqvZTLOAEm6WxRkAgMEc5ywH2uGAUxNoRQxc2tmA6JIhRMWlkI7uLLy6R5WnGdintp0qiiGXLoEB2hY+SiM1RDF6iOGoiiG3SPHtGTdWs9WM/Wy6x1xZrPFNEfWK8/eTGWlg==</latexit><latexit sha1_base64="GzmO8Sn+FJkIBGdAmMBdpIqC6MI=">AAAB+nicbVA7TsNAEF3zDeHnkJJmRRSJAkU2DSkj0VAGiXykJLLWm3Wyynpt7Y5BkUnHNWgoQIiWM3AAOjgAJ+AArJMUkPCkkZ7em9HMPD8WXIPjfFgrq2vrG5u5rfz2zu7evl04aOooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR+eZ37pmSvNIXsE4Zr2QDCQPOCVgJM8udGHIgHj8BFOP5w08u+RUnCnwMnHnpFQrlu++374+65793u1HNAmZBCqI1h3XiaGXEgWcCjbJdxPNYkJHZMA6hkoSMt1Lp6dPcNkofRxEypQEPFV/T6Qk1Hoc+qYzJDDUi14m/ud1EgiqvZTLOAEm6WxRkAgMEc5ywH2uGAUxNoRQxc2tmA6JIhRMWlkI7uLLy6R5WnGdintp0qiiGXLoEB2hY+SiM1RDF6iOGoiiG3SPHtGTdWs9WM/Wy6x1xZrPFNEfWK8/eTGWlg==</latexit><latexit sha1_base64="db331UC5d8OAp+CrtHpIygoEuy0=">AAAB+nicbVDLSgNBEJyNrxhfiR69DAbBg4RdL+YY8OIxgnlAsiyzk95kyOyDmV4lrPkULx4U8eqXePNvnE32oIkFDUVVN91dfiKFRtv+tkobm1vbO+Xdyt7+weFRtXbc1XGqOHR4LGPV95kGKSLooEAJ/UQBC30JPX96k/u9B1BaxNE9zhJwQzaORCA4QyN51doQJ4DME5eUe6Ji4FXrdsNegK4TpyB1UqDtVb+Go5inIUTIJdN64NgJuhlTKLiEeWWYakgYn7IxDAyNWAjazRanz+m5UUY0iJWpCOlC/T2RsVDrWeibzpDhRK96ufifN0gxaLqZiJIUIeLLRUEqKcY0z4GOhAKOcmYI40qYWymfMMU4mrTyEJzVl9dJ96rh2A3nzq63mkUcZXJKzsgFccg1aZFb0iYdwskjeSav5M16sl6sd+tj2VqyipkT8gfW5w99YJIg</latexit>

Cost-aware Cascading UCB (CC-UCB)
• Estimate the UCB of      and LCB of     each time
• Perform the optimal offline policy using the UCB/LCB estimates

✓i
<latexit sha1_base64="MNcED/2J0wFrHLUDg89AgUNLT94=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gOaUDbbTbt0swm7E6GE/g0vHhTx6k/wH3jy5r9x0/agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tjm8LvPHBtRKLucZLyIKZDJSLBKFrJ93HEkfZFxaJfrbl1dwaySrwFqTXKnx9g0exXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qz26ekjOrDEiUaFsKyUz9PZHT2JhJHNrOmOLILHuF+J/XyzC6DnKh0gy5YvNFUSYJJqQIgAyE5gzlxBLKtLC3EjaimjK0MRUheMsvr5L2Rd1z696dTeMS5ijDCZzCOXhwBQ24hSa0gEEKj/AML07mPDmvztu8teQsZo7hD5z3H27qkhM=</latexit><latexit sha1_base64="o4kaFp2Ec8/om54WS2bYs4XvWHs=">AAAB83icbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAYwTwgu4TZyWwyZPbBTK8QlvyGFw+KiDc/wT/w5M2/cTbJQRMLGoqqbrq7/EQKjbb9bRXW1jc2t4rbpZ3dvf2D8mGlreNUMd5isYxV16eaSxHxFgqUvJsoTkNf8o4/vsr9zj1XWsTRHU4S7oV0GIlAMIpGcl0ccaR9UTLol2t23Z6BrBJnQWqN4udH5fqt2uyXv9xBzNKQR8gk1brn2Al6GVUomOTTkptqnlA2pkPeMzSiIddeNrt5Sk6MMiBBrExFSGbq74mMhlpPQt90hhRHetnLxf+8XorBpZeJKEmRR2y+KEglwZjkAZCBUJyhnBhCmRLmVsJGVFGGJqY8BGf55VXSPqs7dt25NWmcwxxFOIYqnIIDF9CAG2hCCxgk8ABP8Gyl1qP1Yr3OWwvWYuYI/sB6/wHtU5Mx</latexit><latexit sha1_base64="o4kaFp2Ec8/om54WS2bYs4XvWHs=">AAAB83icbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAYwTwgu4TZyWwyZPbBTK8QlvyGFw+KiDc/wT/w5M2/cTbJQRMLGoqqbrq7/EQKjbb9bRXW1jc2t4rbpZ3dvf2D8mGlreNUMd5isYxV16eaSxHxFgqUvJsoTkNf8o4/vsr9zj1XWsTRHU4S7oV0GIlAMIpGcl0ccaR9UTLol2t23Z6BrBJnQWqN4udH5fqt2uyXv9xBzNKQR8gk1brn2Al6GVUomOTTkptqnlA2pkPeMzSiIddeNrt5Sk6MMiBBrExFSGbq74mMhlpPQt90hhRHetnLxf+8XorBpZeJKEmRR2y+KEglwZjkAZCBUJyhnBhCmRLmVsJGVFGGJqY8BGf55VXSPqs7dt25NWmcwxxFOIYqnIIDF9CAG2hCCxgk8ABP8Gyl1qP1Yr3OWwvWYuYI/sB6/wHtU5Mx</latexit><latexit sha1_base64="DIK/WyO7xn3wRsWRb8nOR3M4wAA=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPBi8cK9gOaUDbbSbt0swm7E6GE/g0vHhTx6p/x5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVjc2t7p7pb29s/ODyqH590TZJpDh2eyET3Q2ZACgUdFCihn2pgcSihF07vCr/3BNqIRD3iLIUgZmMlIsEZWsn3cQLIhqJmMaw33Ka7AF0nXkkapER7WP/yRwnPYlDIJTNm4LkpBjnTKLiEec3PDKSMT9kYBpYqFoMJ8sXNc3phlRGNEm1LIV2ovydyFhszi0PbGTOcmFWvEP/zBhlGt0EuVJohKL5cFGWSYkKLAOhIaOAoZ5YwroW9lfIJ04yjjakIwVt9eZ10r5qe2/Qe3EbruoyjSs7IObkkHrkhLXJP2qRDOEnJM3klb07mvDjvzseyteKUM6fkD5zPH/p4kEI=</latexit>

ci
<latexit sha1_base64="fXOffC4hE7IVfJ0r1ZzxpjIUJJ8=">AAAB7nicbVBNS8NAEJ3Ur1i/qh69LBbBU0lE0GPBi8cK9gPaUDbbSbt0swm7G6GE/ggvHhTx6p/wH3jy5r9x0/agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmlrtd3tnd2z+oHB61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+Kfz2AyrNE3lvJikGMR1KHnFGjZXarM/LFv1K1at5M5BV4i9Ite5+foBFo1/56g0SlsUoDRNU667vpSbIqTKcCZyWe5nGlLIxHWLXUklj1EE+O3dKzqwyIFGibElDZurviZzGWk/i0HbG1Iz0sleI/3ndzETXQc5lmhmUbL4oygQxCSl+JwOukBkxsYQyxe2thI2ooszYhIoQ/OWXV0nrouZ7Nf/OpnEJc7hwAqdwDj5cQR1uoQFNYDCGR3iGFyd1npxX523eWnIWM8fwB877D4TCj9I=</latexit><latexit sha1_base64="mPO1WChgCMeAbPvtn2LCeEBWTEE=">AAAB7nicbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAYwTwgCWF2MpsMmZ1dZnqFsOQjvHhQxJv4E/6BJ2/+jbNJDppY0FBUddPd5cdSGHTdbye3tr6xuZXfLuzs7u0fFA9LTRMlmvEGi2Sk2z41XArFGyhQ8nasOQ19yVv++CrzW/dcGxGpO5zEvBfSoRKBYBSt1GJ9UbDoFytu1Z2BrBJvQSq1/OdH6fqtXO8Xv7qDiCUhV8gkNabjuTH2UqpRMMmnhW5ieEzZmA55x1JFQ2566ezcKTmxyoAEkbalkMzU3xMpDY2ZhL7tDCmOzLKXif95nQSDy14qVJwgV2y+KEgkwYhkv5OB0JyhnFhCmRb2VsJGVFOGNqEsBG/55VXSPKt6btW7tWmcwxx5OIYynIIHF1CDG6hDAxiM4QGe4NmJnUfnxXmdt+acxcwR/IHz/gMDOpDw</latexit><latexit sha1_base64="mPO1WChgCMeAbPvtn2LCeEBWTEE=">AAAB7nicbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAYwTwgCWF2MpsMmZ1dZnqFsOQjvHhQxJv4E/6BJ2/+jbNJDppY0FBUddPd5cdSGHTdbye3tr6xuZXfLuzs7u0fFA9LTRMlmvEGi2Sk2z41XArFGyhQ8nasOQ19yVv++CrzW/dcGxGpO5zEvBfSoRKBYBSt1GJ9UbDoFytu1Z2BrBJvQSq1/OdH6fqtXO8Xv7qDiCUhV8gkNabjuTH2UqpRMMmnhW5ieEzZmA55x1JFQ2566ezcKTmxyoAEkbalkMzU3xMpDY2ZhL7tDCmOzLKXif95nQSDy14qVJwgV2y+KEgkwYhkv5OB0JyhnFhCmRb2VsJGVFOGNqEsBG/55VXSPKt6btW7tWmcwxx5OIYynIIHF1CDG6hDAxiM4QGe4NmJnUfnxXmdt+acxcwR/IHz/gMDOpDw</latexit><latexit sha1_base64="ptejs6EoQabRuIso5zByewiL30c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gPaUDbbTbt0swm7EyGE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmVjc2t7p7pb29s/ODyqH590TZxqxjsslrHuB9RwKRTvoEDJ+4nmNAok7wWzu8LvPXFtRKweMUu4H9GJEqFgFK3UYyNRsxjVG27TXYCsE68kDSjRHtW/huOYpRFXyCQ1ZuC5Cfo51SiY5PPaMDU8oWxGJ3xgqaIRN36+OHdOLqwyJmGsbSkkC/X3RE4jY7IosJ0RxalZ9QrxP2+QYnjr50IlKXLFlovCVBKMSfE7GQvNGcrMEsq0sLcSNqWaMrQJFSF4qy+vk+5V03Ob3oPbaF2XcVThDM7hEjy4gRbcQxs6wGAGz/AKb07ivDjvzseyteKUM6fwB87nDxBfjgE=</latexit>

Upper bound on the cumulative regret
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<latexit sha1_base64="3KoLFoq8YucI23Xrqec+jirDlRs="></latexit><latexit sha1_base64="jqkYwYrKdUyU3fqG5IFJCb1k7Uk="></latexit><latexit sha1_base64="jqkYwYrKdUyU3fqG5IFJCb1k7Uk="></latexit><latexit sha1_base64="JbwikcFqVLi8SsunHXN7ggUxhLM="></latexit>

�i := ci � ✓i
<latexit sha1_base64="zkD1VMY1mFI+L9T2B1mZXdwN3Iw=">AAACCXicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTQREEQQtLBaOBJBx7m0myZO+D3TkhHGlt/Cs2FooIVrZWdv4bNx+FJj4YeLw3w8y8IFHSkOt+O7mZ2bn5hfxiYWl5ZXWtuL5xY+JUC6yIWMW6GnCDSkZYIUkKq4lGHgYKb4Pu2cC/vUNtZBxdUy/BRsjbkWxJwclKfpHVz1ER9zPZZ8cnTPiS7bE6ddBqsmDhF0tu2R2CTRNvTEqn+c93sLj0i1/1ZizSECMSihtT89yEGhnXJIXCfqGeGky46PI21iyNeIimkQ0/6bMdqzRZK9a2ImJD9fdExkNjemFgO0NOHTPpDcT/vFpKraNGJqMkJYzEaFErVYxiNoiFNaVGQapnCRda2luZ6HDNBdnwBiF4ky9Pk5v9sueWvSubxgGMkIct2IZd8OAQTuECLqECAu7hEZ7hxXlwnpxX523UmnPGM5vwB87HD/bamWE=</latexit><latexit sha1_base64="CfGJUHa3UyfsAxPAYfBdZ+tn09s=">AAACCXicbVA7SwNBEN6LrxhfMZY2S4JgY7gTQRGEgCksI5gHJOHY20ySJXsPdueEcKS18X9Y2VgoIljZWtn5b9w8Ck38YODj+2aYmc+LpNBo299Waml5ZXUtvZ7Z2Nza3snu5mo6jBWHKg9lqBoe0yBFAFUUKKERKWC+J6HuDS7Hfv0WlBZhcIPDCNo+6wWiKzhDI7lZ2iqDROYmYkTPLyh3BT2iLeyD0UTGwM0W7KI9AV0kzowUSunP91z5IV9xs1+tTshjHwLkkmnddOwI2wlTKLiEUaYVa4gYH7AeNA0NmA+6nUw+GdEDo3RoN1SmAqQT9fdEwnyth75nOn2GfT3vjcX/vGaM3bN2IoIoRgj4dFE3lhRDOo6FdoQCjnJoCONKmFsp7zPFOJrwxiE48y8vktpx0bGLzrVJ44RMkSb7JE8OiUNOSYlckQqpEk7uyCN5Ji/WvfVkvVpv09aUNZvZI39gffwAdVKafw==</latexit><latexit sha1_base64="CfGJUHa3UyfsAxPAYfBdZ+tn09s=">AAACCXicbVA7SwNBEN6LrxhfMZY2S4JgY7gTQRGEgCksI5gHJOHY20ySJXsPdueEcKS18X9Y2VgoIljZWtn5b9w8Ck38YODj+2aYmc+LpNBo299Waml5ZXUtvZ7Z2Nza3snu5mo6jBWHKg9lqBoe0yBFAFUUKKERKWC+J6HuDS7Hfv0WlBZhcIPDCNo+6wWiKzhDI7lZ2iqDROYmYkTPLyh3BT2iLeyD0UTGwM0W7KI9AV0kzowUSunP91z5IV9xs1+tTshjHwLkkmnddOwI2wlTKLiEUaYVa4gYH7AeNA0NmA+6nUw+GdEDo3RoN1SmAqQT9fdEwnyth75nOn2GfT3vjcX/vGaM3bN2IoIoRgj4dFE3lhRDOo6FdoQCjnJoCONKmFsp7zPFOJrwxiE48y8vktpx0bGLzrVJ44RMkSb7JE8OiUNOSYlckQqpEk7uyCN5Ji/WvfVkvVpv09aUNZvZI39gffwAdVKafw==</latexit><latexit sha1_base64="TtiOMiS6jk/EOlZU3TFXG0fGG4Q=">AAACCXicbVDLSgNBEJyNrxhfqx69DAbBi2FXBEUQAnrwGME8IAnL7KSTDJl9MNMrhCVXL/6KFw+KePUPvPk3ziZ70MSChqKqm+4uP5ZCo+N8W4Wl5ZXVteJ6aWNza3vH3t1r6ChRHOo8kpFq+UyDFCHUUaCEVqyABb6Epj+6zvzmAygtovAexzF0AzYIRV9whkbybNq5AYnMS8WEXl5R7gl6Qjs4BKOJkoFnl52KMwVdJG5OyiRHzbO/Or2IJwGEyCXTuu06MXZTplBwCZNSJ9EQMz5iA2gbGrIAdDedfjKhR0bp0X6kTIVIp+rviZQFWo8D33QGDId63svE/7x2gv2LbirCOEEI+WxRP5EUI5rFQntCAUc5NoRxJcytlA+ZYhxNeFkI7vzLi6RxWnGdinvnlKtneRxFckAOyTFxyTmpkltSI3XCySN5Jq/kzXqyXqx362PWWrDymX3yB9bnD4J3l5A=</latexit>

where

Remark
• The upper bound depends on       instead of the gap between  
• The regret caused by pulling good arms in a wrong order is bounded
• The regret is mainly due to pulling bad arms, which is determined by    ,
• When    are known a priori, the bound can be reduced by a factor of 4ci

<latexit sha1_base64="fXOffC4hE7IVfJ0r1ZzxpjIUJJ8=">AAAB7nicbVBNS8NAEJ3Ur1i/qh69LBbBU0lE0GPBi8cK9gPaUDbbSbt0swm7G6GE/ggvHhTx6p/wH3jy5r9x0/agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmlrtd3tnd2z+oHB61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+Kfz2AyrNE3lvJikGMR1KHnFGjZXarM/LFv1K1at5M5BV4i9Ite5+foBFo1/56g0SlsUoDRNU667vpSbIqTKcCZyWe5nGlLIxHWLXUklj1EE+O3dKzqwyIFGibElDZurviZzGWk/i0HbG1Iz0sleI/3ndzETXQc5lmhmUbL4oygQxCSl+JwOukBkxsYQyxe2thI2ooszYhIoQ/OWXV0nrouZ7Nf/OpnEJc7hwAqdwDj5cQR1uoQFNYDCGR3iGFyd1npxX523eWnIWM8fwB877D4TCj9I=</latexit><latexit sha1_base64="mPO1WChgCMeAbPvtn2LCeEBWTEE=">AAAB7nicbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAYwTwgCWF2MpsMmZ1dZnqFsOQjvHhQxJv4E/6BJ2/+jbNJDppY0FBUddPd5cdSGHTdbye3tr6xuZXfLuzs7u0fFA9LTRMlmvEGi2Sk2z41XArFGyhQ8nasOQ19yVv++CrzW/dcGxGpO5zEvBfSoRKBYBSt1GJ9UbDoFytu1Z2BrBJvQSq1/OdH6fqtXO8Xv7qDiCUhV8gkNabjuTH2UqpRMMmnhW5ieEzZmA55x1JFQ2566ezcKTmxyoAEkbalkMzU3xMpDY2ZhL7tDCmOzLKXif95nQSDy14qVJwgV2y+KEgkwYhkv5OB0JyhnFhCmRb2VsJGVFOGNqEsBG/55VXSPKt6btW7tWmcwxx5OIYynIIHF1CDG6hDAxiM4QGe4NmJnUfnxXmdt+acxcwR/IHz/gMDOpDw</latexit><latexit sha1_base64="mPO1WChgCMeAbPvtn2LCeEBWTEE=">AAAB7nicbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAYwTwgCWF2MpsMmZ1dZnqFsOQjvHhQxJv4E/6BJ2/+jbNJDppY0FBUddPd5cdSGHTdbye3tr6xuZXfLuzs7u0fFA9LTRMlmvEGi2Sk2z41XArFGyhQ8nasOQ19yVv++CrzW/dcGxGpO5zEvBfSoRKBYBSt1GJ9UbDoFytu1Z2BrBJvQSq1/OdH6fqtXO8Xv7qDiCUhV8gkNabjuTH2UqpRMMmnhW5ieEzZmA55x1JFQ2566ezcKTmxyoAEkbalkMzU3xMpDY2ZhL7tDCmOzLKXif95nQSDy14qVJwgV2y+KEgkwYhkv5OB0JyhnFhCmRb2VsJGVFOGNqEsBG/55VXSPKt6btW7tWmcwxx5OIYynIIHF1CDG6hDAxiM4QGe4NmJnUfnxXmdt+acxcwR/IHz/gMDOpDw</latexit><latexit sha1_base64="ptejs6EoQabRuIso5zByewiL30c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gPaUDbbTbt0swm7EyGE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmVjc2t7p7pb29s/ODyqH590TZxqxjsslrHuB9RwKRTvoEDJ+4nmNAok7wWzu8LvPXFtRKweMUu4H9GJEqFgFK3UYyNRsxjVG27TXYCsE68kDSjRHtW/huOYpRFXyCQ1ZuC5Cfo51SiY5PPaMDU8oWxGJ3xgqaIRN36+OHdOLqwyJmGsbSkkC/X3RE4jY7IosJ0RxalZ9QrxP2+QYnjr50IlKXLFlovCVBKMSfE7GQvNGcrMEsq0sLcSNqWaMrQJFSF4qy+vk+5V03Ob3oPbaF2XcVThDM7hEjy4gRbcQxs6wGAGz/AKb07ivDjvzseyteKUM6fwB87nDxBfjgE=</latexit>

✓i
<latexit sha1_base64="MNcED/2J0wFrHLUDg89AgUNLT94=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gOaUDbbTbt0swm7E6GE/g0vHhTx6k/wH3jy5r9x0/agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tjm8LvPHBtRKLucZLyIKZDJSLBKFrJ93HEkfZFxaJfrbl1dwaySrwFqTXKnx9g0exXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qz26ekjOrDEiUaFsKyUz9PZHT2JhJHNrOmOLILHuF+J/XyzC6DnKh0gy5YvNFUSYJJqQIgAyE5gzlxBLKtLC3EjaimjK0MRUheMsvr5L2Rd1z696dTeMS5ijDCZzCOXhwBQ24hSa0gEEKj/AML07mPDmvztu8teQsZo7hD5z3H27qkhM=</latexit><latexit sha1_base64="o4kaFp2Ec8/om54WS2bYs4XvWHs=">AAAB83icbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAYwTwgu4TZyWwyZPbBTK8QlvyGFw+KiDc/wT/w5M2/cTbJQRMLGoqqbrq7/EQKjbb9bRXW1jc2t4rbpZ3dvf2D8mGlreNUMd5isYxV16eaSxHxFgqUvJsoTkNf8o4/vsr9zj1XWsTRHU4S7oV0GIlAMIpGcl0ccaR9UTLol2t23Z6BrBJnQWqN4udH5fqt2uyXv9xBzNKQR8gk1brn2Al6GVUomOTTkptqnlA2pkPeMzSiIddeNrt5Sk6MMiBBrExFSGbq74mMhlpPQt90hhRHetnLxf+8XorBpZeJKEmRR2y+KEglwZjkAZCBUJyhnBhCmRLmVsJGVFGGJqY8BGf55VXSPqs7dt25NWmcwxxFOIYqnIIDF9CAG2hCCxgk8ABP8Gyl1qP1Yr3OWwvWYuYI/sB6/wHtU5Mx</latexit><latexit sha1_base64="o4kaFp2Ec8/om54WS2bYs4XvWHs=">AAAB83icbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAYwTwgu4TZyWwyZPbBTK8QlvyGFw+KiDc/wT/w5M2/cTbJQRMLGoqqbrq7/EQKjbb9bRXW1jc2t4rbpZ3dvf2D8mGlreNUMd5isYxV16eaSxHxFgqUvJsoTkNf8o4/vsr9zj1XWsTRHU4S7oV0GIlAMIpGcl0ccaR9UTLol2t23Z6BrBJnQWqN4udH5fqt2uyXv9xBzNKQR8gk1brn2Al6GVUomOTTkptqnlA2pkPeMzSiIddeNrt5Sk6MMiBBrExFSGbq74mMhlpPQt90hhRHetnLxf+8XorBpZeJKEmRR2y+KEglwZjkAZCBUJyhnBhCmRLmVsJGVFGGJqY8BGf55VXSPqs7dt25NWmcwxxFOIYqnIIDF9CAG2hCCxgk8ABP8Gyl1qP1Yr3OWwvWYuYI/sB6/wHtU5Mx</latexit><latexit sha1_base64="DIK/WyO7xn3wRsWRb8nOR3M4wAA=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lE0GPBi8cK9gOaUDbbSbt0swm7E6GE/g0vHhTx6p/x5r9x0+agrQ8GHu/NMDMvTKUw6LrfTmVjc2t7p7pb29s/ODyqH590TZJpDh2eyET3Q2ZACgUdFCihn2pgcSihF07vCr/3BNqIRD3iLIUgZmMlIsEZWsn3cQLIhqJmMaw33Ka7AF0nXkkapER7WP/yRwnPYlDIJTNm4LkpBjnTKLiEec3PDKSMT9kYBpYqFoMJ8sXNc3phlRGNEm1LIV2ovydyFhszi0PbGTOcmFWvEP/zBhlGt0EuVJohKL5cFGWSYkKLAOhIaOAoZ5YwroW9lfIJ04yjjakIwVt9eZ10r5qe2/Qe3EbruoyjSs7IObkkHrkhLXJP2qRDOEnJM3klb07mvDjvzseyteKUM6fkD5zPH/p4kEI=</latexit>

ci
<latexit sha1_base64="fXOffC4hE7IVfJ0r1ZzxpjIUJJ8=">AAAB7nicbVBNS8NAEJ3Ur1i/qh69LBbBU0lE0GPBi8cK9gPaUDbbSbt0swm7G6GE/ggvHhTx6p/wH3jy5r9x0/agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmlrtd3tnd2z+oHB61dJIphk2WiER1QqpRcIlNw43ATqqQxqHAdji+Kfz2AyrNE3lvJikGMR1KHnFGjZXarM/LFv1K1at5M5BV4i9Ite5+foBFo1/56g0SlsUoDRNU667vpSbIqTKcCZyWe5nGlLIxHWLXUklj1EE+O3dKzqwyIFGibElDZurviZzGWk/i0HbG1Iz0sleI/3ndzETXQc5lmhmUbL4oygQxCSl+JwOukBkxsYQyxe2thI2ooszYhIoQ/OWXV0nrouZ7Nf/OpnEJc7hwAqdwDj5cQR1uoQFNYDCGR3iGFyd1npxX523eWnIWM8fwB877D4TCj9I=</latexit><latexit sha1_base64="mPO1WChgCMeAbPvtn2LCeEBWTEE=">AAAB7nicbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAYwTwgCWF2MpsMmZ1dZnqFsOQjvHhQxJv4E/6BJ2/+jbNJDppY0FBUddPd5cdSGHTdbye3tr6xuZXfLuzs7u0fFA9LTRMlmvEGi2Sk2z41XArFGyhQ8nasOQ19yVv++CrzW/dcGxGpO5zEvBfSoRKBYBSt1GJ9UbDoFytu1Z2BrBJvQSq1/OdH6fqtXO8Xv7qDiCUhV8gkNabjuTH2UqpRMMmnhW5ieEzZmA55x1JFQ2566ezcKTmxyoAEkbalkMzU3xMpDY2ZhL7tDCmOzLKXif95nQSDy14qVJwgV2y+KEgkwYhkv5OB0JyhnFhCmRb2VsJGVFOGNqEsBG/55VXSPKt6btW7tWmcwxx5OIYynIIHF1CDG6hDAxiM4QGe4NmJnUfnxXmdt+acxcwR/IHz/gMDOpDw</latexit><latexit sha1_base64="mPO1WChgCMeAbPvtn2LCeEBWTEE=">AAAB7nicbVDLSgNBEOyNrxhfMR69DAmCp7Argh4DevAYwTwgCWF2MpsMmZ1dZnqFsOQjvHhQxJv4E/6BJ2/+jbNJDppY0FBUddPd5cdSGHTdbye3tr6xuZXfLuzs7u0fFA9LTRMlmvEGi2Sk2z41XArFGyhQ8nasOQ19yVv++CrzW/dcGxGpO5zEvBfSoRKBYBSt1GJ9UbDoFytu1Z2BrBJvQSq1/OdH6fqtXO8Xv7qDiCUhV8gkNabjuTH2UqpRMMmnhW5ieEzZmA55x1JFQ2566ezcKTmxyoAEkbalkMzU3xMpDY2ZhL7tDCmOzLKXif95nQSDy14qVJwgV2y+KEgkwYhkv5OB0JyhnFhCmRb2VsJGVFOGNqEsBG/55VXSPKt6btW7tWmcwxx5OIYynIIHF1CDG6hDAxiM4QGe4NmJnUfnxXmdt+acxcwR/IHz/gMDOpDw</latexit><latexit sha1_base64="ptejs6EoQabRuIso5zByewiL30c=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBi8cK9gPaUDbbTbt0swm7EyGE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmVjc2t7p7pb29s/ODyqH590TZxqxjsslrHuB9RwKRTvoEDJ+4nmNAok7wWzu8LvPXFtRKweMUu4H9GJEqFgFK3UYyNRsxjVG27TXYCsE68kDSjRHtW/huOYpRFXyCQ1ZuC5Cfo51SiY5PPaMDU8oWxGJ3xgqaIRN36+OHdOLqwyJmGsbSkkC/X3RE4jY7IosJ0RxalZ9QrxP2+QYnjr50IlKXLFlovCVBKMSfE7GQvNGcrMEsq0sLcSNqWaMrQJFSF4qy+vk+5V03Ob3oPbaF2XcVThDM7hEjy4gRbcQxs6wGAGz/AKb07ivDjvzseyteKUM6fwB87nDxBfjgE=</latexit>

�i
<latexit sha1_base64="OqOw4lK25kTIoIYZBGr+k6cxqyY=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9BjQg8cI5gHJGmYns8mQ2dllplcJS/7DiwdFvPoF/oEnb/6Ns0kOmljQUFR1090VJFIYdN1vZ2l5ZXVtvbBR3Nza3tkt7e03TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbDy9xv3nNtRKxucZRwP6J9JULBKFrprnPFJdJuJsZFi26p7FbcCcgi8WakXC18foBFrVv66vRilkZcIZPUmLbnJuhnVKNgko+LndTwhLIh7fO2pYpG3PjZ5OoxObZKj4SxtqWQTNTfExmNjBlFge2MKA7MvJeL/3ntFMMLPxMqSZErNl0UppJgTPIISE9ozlCOLKFMC3srYQOqKUMbVB6CN//yImmcVjy34t3YNM5gigIcwhGcgAfnUIVrqEEdGGh4hGd4cR6cJ+fVeZu2LjmzmQP4A+f9B/blkvM=</latexit><latexit sha1_base64="n266wj5m03dSCk1IbjrHqxpublo=">AAAB9XicbVBNS8NAEJ34WetXrUcvoUXwVBIR9FiwB48V7Ae0sWy2k3bpZhN2N0oJ/R9ePCjSq7/Af+DJm//GTduDtj4YeLw3w8w8P+ZMacf5ttbWNza3tnM7+d29/YPDwlGxqaJEUmzQiEey7ROFnAlsaKY5tmOJJPQ5tvzRdea3HlAqFok7PY7RC8lAsIBRoo10360h16SXskneoFcoOxVnBnuVuAtSruY+P4q1aaneK3x1+xFNQhSacqJUx3Vi7aVEakY5TvLdRGFM6IgMsGOoICEqL51dPbFPjdK3g0iaEtqeqb8nUhIqNQ590xkSPVTLXib+53USHVx5KRNxolHQ+aIg4baO7CwCu88kUs3HhhAqmbnVpkMiCdUmqCwEd/nlVdI8r7hOxb01aVzAHDk4gRKcgQuXUIUbqEMDKEh4ghd4tR6tZ+vNms5b16zFzDH8gfX+A3VdlBE=</latexit><latexit sha1_base64="n266wj5m03dSCk1IbjrHqxpublo=">AAAB9XicbVBNS8NAEJ34WetXrUcvoUXwVBIR9FiwB48V7Ae0sWy2k3bpZhN2N0oJ/R9ePCjSq7/Af+DJm//GTduDtj4YeLw3w8w8P+ZMacf5ttbWNza3tnM7+d29/YPDwlGxqaJEUmzQiEey7ROFnAlsaKY5tmOJJPQ5tvzRdea3HlAqFok7PY7RC8lAsIBRoo10360h16SXskneoFcoOxVnBnuVuAtSruY+P4q1aaneK3x1+xFNQhSacqJUx3Vi7aVEakY5TvLdRGFM6IgMsGOoICEqL51dPbFPjdK3g0iaEtqeqb8nUhIqNQ590xkSPVTLXib+53USHVx5KRNxolHQ+aIg4baO7CwCu88kUs3HhhAqmbnVpkMiCdUmqCwEd/nlVdI8r7hOxb01aVzAHDk4gRKcgQuXUIUbqEMDKEh4ghd4tR6tZ+vNms5b16zFzDH8gfX+A3VdlBE=</latexit><latexit sha1_base64="EPfZwFo2JhEViglqU9tis/PRe2c=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeizowWMF+wFtLJvtpl262YTdiVJC/4cXD4p49b9489+4aXPQ1gcDj/dmmJkXJFIYdN1vZ2V1bX1js7RV3t7Z3duvHBy2TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj69xvP3JtRKzucZJwP6JDJULBKFrpoXfDJdJ+JqZli36l6tbcGcgy8QpShQKNfuWrN4hZGnGFTFJjup6boJ9RjYJJPi33UsMTysZ0yLuWKhpx42ezq6fk1CoDEsbalkIyU39PZDQyZhIFtjOiODKLXi7+53VTDK/8TKgkRa7YfFGYSoIxySMgA6E5QzmxhDIt7K2EjaimDG1QeQje4svLpHVe89yad+dW6xdFHCU4hhM4Aw8uoQ630IAmMNDwDK/w5jw5L8678zFvXXGKmSP4A+fzB4KCkSI=</latexit>

✓i/ci
<latexit sha1_base64="8a6iwmFdz/RH+6lye7NZcAvITd8=">AAACAHicbVC7SgNBFL0bXzG+ohYKNoNBsIq7NqYM2FhGMA9IwjI7mU2GzD6YuSvEZRt/xcZCEVs/w07wY5xNUmjigcs9nHMvM/d4sRQabfvLKqysrq1vFDdLW9s7u3vl/YOWjhLFeJNFMlIdj2ouRcibKFDyTqw4DTzJ2974Ovfb91xpEYV3OIl5P6DDUPiCUTSSWz7q4YgjdVORXaQsbxkpGbjlil21pyDLxJmTSv344RsMGm75szeIWBLwEJmkWncdO8Z+ShUKJnlW6iWax5SN6ZB3DQ1pwHU/nR6QkTOjDIgfKVMhkqn6eyOlgdaTwDOTAcWRXvRy8T+vm6Bf66cijBPkIZs95CeSYETyNMhAKM5QTgyhTAnzV8JGVFGGJrM8BGfx5GXSuqw6dtW5NWnUYIYinMApnIMDV1CHG2hAExhk8AQv8Go9Ws/Wm/U+Gy1Y851D+APr4wdBlJb1</latexit><latexit sha1_base64="9kRcKaW+ETU2Okpi5z8z+kvOBZk=">AAACAHicbVDLSsNAFJ3UV1tfURcKbgaL4Kombuyy6MZlBfuANoTJdNIOnTyYuRFqCIi/4saFIrr0M9wJfoyTtgttPXC5h3PuZeYeLxZcgWV9GYWl5ZXVtWKpvL6xubVt7uy2VJRIypo0EpHseEQxwUPWBA6CdWLJSOAJ1vZGl7nfvmVS8Si8gXHMnIAMQu5zSkBLrrnfgyED4qY8O01p3jJc1nDNilW1JsCLxJ6RSv3g7rt0/37RcM3PXj+iScBCoIIo1bWtGJyUSOBUsKzcSxSLCR2RAetqGpKAKSedHJDhY630sR9JXSHgifp7IyWBUuPA05MBgaGa93LxP6+bgF9zUh7GCbCQTh/yE4EhwnkauM8loyDGmhAquf4rpkMiCQWdWR6CPX/yImmdVW2ral/rNGpoiiI6REfoBNnoHNXRFWqgJqIoQ4/oGb0YD8aT8Wq8TUcLxmxnD/2B8fEDPwCYcg==</latexit><latexit sha1_base64="9kRcKaW+ETU2Okpi5z8z+kvOBZk=">AAACAHicbVDLSsNAFJ3UV1tfURcKbgaL4Kombuyy6MZlBfuANoTJdNIOnTyYuRFqCIi/4saFIrr0M9wJfoyTtgttPXC5h3PuZeYeLxZcgWV9GYWl5ZXVtWKpvL6xubVt7uy2VJRIypo0EpHseEQxwUPWBA6CdWLJSOAJ1vZGl7nfvmVS8Si8gXHMnIAMQu5zSkBLrrnfgyED4qY8O01p3jJc1nDNilW1JsCLxJ6RSv3g7rt0/37RcM3PXj+iScBCoIIo1bWtGJyUSOBUsKzcSxSLCR2RAetqGpKAKSedHJDhY630sR9JXSHgifp7IyWBUuPA05MBgaGa93LxP6+bgF9zUh7GCbCQTh/yE4EhwnkauM8loyDGmhAquf4rpkMiCQWdWR6CPX/yImmdVW2ral/rNGpoiiI6REfoBNnoHNXRFWqgJqIoQ4/oGb0YD8aT8Wq8TUcLxmxnD/2B8fEDPwCYcg==</latexit><latexit sha1_base64="EbZaJyAwi7sw46sLyoFDFQeKQnY=">AAACAHicbVC7TsNAEFzzDOFloKCgOREhUQWbhpSRaCiDRB5SYlnnyyU55fzQ3RopstzwKzQUIETLZ9DxN5wTF5Aw0mpHM7u62wkSKTQ6zre1tr6xubVd2anu7u0fHNpHxx0dp4rxNotlrHoB1VyKiLdRoOS9RHEaBpJ3g+lt4XcfudIijh5wlnAvpONIjASjaCTfPh3ghCP1M5FfZaxoOaka+HbNqTtzkFXilqQGJVq+/TUYxiwNeYRMUq37rpOgl1GFgkmeVwep5gllUzrmfUMjGnLtZfMDcnJhlCEZxcpUhGSu/t7IaKj1LAzMZEhxope9QvzP66c4aniZiJIUecQWD41SSTAmRRpkKBRnKGeGUKaE+SthE6ooQ5NZEYK7fPIq6VzXXafu3ju1ZqOMowJncA6X4MINNOEOWtAGBjk8wyu8WU/Wi/VufSxG16xy5wT+wPr8Afx/lUc=</latexit>



Applying CCB to Mobility Management

• Mobility Management Entity (MME) maintains an active neighbor Cell 
List (NCL) for each BS

• When an HO is triggered, MME sends the list to the UE
• The UE examines these BSs sequentially until it chooses the first 

suitable candidate BS based on measurements.
• If none of the candidate BSs satisfies the HO condition, UE stays on 

the current serving BS.

• Feedback from UE to MME: 
– HO result
– Probing cost (delay, energy, etc)

Advantages:
• Size of active NCL is small

– Measuring delay is limited
• BSs on the list are ordered

– Find a suitable BS before checking many candidates

Macro BS 1

Small BS 3

Small BS 5

Small BS 6

Small BS 7

Small BS 4

Small BS 2
Serving BS

Moving UE1



Theoretical Performance of CCB-NCL

• With perfect feedback: 
– CCB-NCL inherits the order-optimality of CC-UCB

• With delayed feedback: if the delay is bounded by d steps

The following proposition presents a regret bound with
respect to the optimal active NCL.

Proposition 1 (Theorem 2 from [14]). Arrange the BSs such

that

!1⇤

c1⇤
� !2⇤

c2⇤
� . . . � !L⇤

cL⇤
> 1 >

✓(L+1)⇤

c(L+1)⇤
� . . . � ✓K⇤

cK⇤
.

Let I
⇤ = {1⇤, 2⇤, . . . , L⇤}, and �2

i := (ci � !i)2. Then, the

regret under Algorithm 1 is upper bounded by:

R(T ) 
X

i2[K]\I⇤

ci
16K↵ log T

�2
i

+O(1).

3.3. Delay or Missing Feedback

Practical deployment of UDN often encounters complex in-
terference problems. As a result of this dynamic RF environ-
ment, the feedback information from the UE may not always
be received by the learner correctly. In the bandit framework,
this is modeled as delayed or missing feedback of the arm
states after each pull. Whether the proposed algorithm can
handle these practical limitations and the impact on the finite-
time regret is essential for its practical deployment.

3.3.1. Delayed Feedback

Delayed feedback is the unexpected time consumption dur-
ing the last stage of the handover process, which is common
in practice. For example, this may happen when the MAC
layer scheduler assigns higher priority to other packets, such
as controlling and signaling messages, over the payload of UE
measurement reports, which causes delay in the feedback. In
this section, we model the feedback delay as a random vari-
able that follows a statistical distribution with bounded sup-
port [0, d]. In addition, because of the random feedback delay,
rewards may also be permuted at the learning agent. We note
that the CCB-NCL algorithm can handle the delayed feedback
without modification, as the delay of feedback only prolongs
the time the learner takes to gather the statistics of all BSs.
As long as the active NCL is presented to UE, the handover
process may be completed regardless of whether the feedback
is delayed or not. The following proposition characterizes the
regret performance of CCB-NCL with feedback delay.

Proposition 2. Consider the UE mobility management prob-

lem with feedback delay where the delay is bounded by d time

slots. For any T � d, the regret under CCB-NCL is bounded

by

Rd(T ) 
X

i2[K]\I⇤

ci
16K↵ log(T � d)

�2
i

+O(d). (5)

The proof of Proposition 2 is omitted due to space limi-
tation. Intuitively, the information available to the learner at

time T + d includes all feedback sent by the UE over (0, T ].
Thus, we would expect that the regret has an additional O(d)
term due to the missing feedback over (0, d], and correspond-
ingly, the O(log T ) growth becomes O(log(T � d)). If d is
bounded, the regret can be approximated as O(log T ).

3.3.2. Missing Feedback

Another practical issue is that some feedback from the UE
to the learning agent may be entirely missing when the feed-
back channel is severely corrupted. The feedback packet that
contains sampled rewards and costs of examined BSs may be
missing when the transmission channel suffers from severe
interference. We assume that at each time slot t, the feedback
is missing with probability p, which can be set as the packet
loss rate for the transmission. When we apply Algorithm 1 in
a missing feedback setting, the problem is solved with larger
time consumption. This is because the missing feedback indi-
cates that there is no useful statistic and the current iteration
is useless for the learning processes.

Intuitively, for a sufficiently large T , the learner can only
use the feedback collected over approximately (1� p)T time
slots for learning. As T grows, we could still hope that the
learner obtains sufficient information to infer the statistics of
the BSs accurately. Thus, the online algorithm will render
solutions converging to the optimal offline policy. Although
the feedback over certain time slots is missing, the active NCL
received by the UE will converge to the optimal active NCL.
Correspondingly, the regret incurred over such time slots will
decrease accordingly. Therefore, we expect that a sublinear
regret can still be obtained.

4. SIMULATION RESULT

4.1. Simulation Setup

For the UDN model, we assume that the BSs are randomly
distributed in an urban environment. The scenario used in
the system-level simulation is based on the configuration #4b

HetNet scenario in 3GPP spec [12]. Instead of the ideal grid-
based hexagonal cells model, we adopt a Voronoi model to
account for the irregularity of BS networks. Note that the
ultra-high density of BSs is made to speed up the simulations
as well as to create a more severe FHO environment. The dis-
tribution of BSs follows standard Poisson point process (PPP)
[15] in a given area in the city. All BSs transmit with fixed
transmit power and each user associates with one of the BSs
based on the received signal strength. The coverage regions
of the BSs form a Voronoi tessellations1.

Without loss of generality, we repeatedly generate UEs
that are randomly placed in the given area, and track the per-
formance of a randomly selected UE over different episodes

1The planar graph constructed by perpendicular lines bisecting the dis-
tances between the points of a PP is called a Voronoi tessellation.Feedback from [1,T-d] Missing feedback over [1,d]



Experiment Results: Regret

Remark
• Simulation is based on the configuration #4b HetNet scenario in 3GPP spec.
• The regret under CCB-NCL grows sublinearly in time, which is consistent with 

the upper bound.
• Delayed feedback has very little impact to the overall regret.
• Missing feedback leads to much larger performance degradation.
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